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The 1949 Scale of Color Temperature 
By Deane B. Judd 


ceca e ot the re ion of the l ter 
radiati« formula instead of the Wien, wit! 
eale of color temperature I ie here sine 

are given, and the results are sutmmari 

color temperature on the 1934 scale to that 

tandards of color temperature te 

twee 380 and 770 millimicrons is 
1 122 sx« e ot ¢ or temperature a 1 thre 


I. Intreduction 


Bolo temperature of a source may be defined 
as thi temperature ol the perfect radiator black 
0d) required to produce the chromaticity of 


im source. Chromaticity of a point source 
fers to its color apart from variations in luminous 
ve! tv. and chromaticity of an extended source 


to its color apart from variations in lumi- 


ba 


A more logical name would therefore 


@ehromaticity temperature, but the traditional 


= 


color temperature will be adhered to in this 


cale of color temperature in use at this 
since 1934 was established by color match 


eht from tungsten-filament 


RZ BE 


projection 
lam vith that from the interior of a refractory 
tae immersed in one of three freezing elements 
plat ! rhodium, and iridium [2] Color tem 
pen es Within this range i 


2,046° to 2,727° K 


on | 34 scale) were found by measuring with 
an« il pvrometer the brightness temperature 
Tos the inside of a partie ular turn of secondary 
stal d tungsten-filament lamp BS9022 as a 
fum f voltage applied to the lamp 2] A 
plot the difference between color temperature 
T., his brightness temperature, T ugainst 
voh on lamp BSS022 provided a convenient 
baei- {0 nterpolation, previous extensive work at 
the \ Research Laboratory on the properties 
OB wigsten having shown that a given change in 
— 

iF , , an veferences at ti 
pape: 


1949 Scale of Color Temperature 





na Pemperature Seale to use the Planch 
new value assigned to the constant ¢o, the 
1934 has beet revised The details of tl 
ed in a table showing the conversion of 
the present, or 1949, scale Phe use of 
known spectral distributions of radiant 
issed, and comparisons are made betwee 
1934 and 1949 seales for this purpose 


brightness temperature corresponds to an upproxi 


mately equal change in. color temperature ot a 
given specimen of tungsten 

The internal consistency of the scale within the 
temperature range covered by the three fixed 
points was then checked by visual measurement 


DBI, KSG 
peratures of the flux transmitted by certain blue 


by two observers of the color tem- 


glass filters illuminated by secondary lamp stand- 
These blue 
chromaticities 


ards of color temperature glass 


filters, so illuminated, produce 


very close to those obtainable by incandescent 


lamps operated at a higher color temperature 


than those of the illuminant The spectral 
transmittances of the blue filters were measured, 
and the increases in color temperature expected 
to be caused by them were computed by means 
of the standard observer and coordinate system 
recommended for colorimetry in 1931 by” the 


International Commission on Illumination [3] 
In these computations, the distribution of radiant 


flux, Py, 


color temperature r 


between 0.38 and 0.77 uw from a lamp of 
Was assumed to be equal 
to that obtained from the Planck radiation for 
mula by substituting color temperature, 7,, for 


temperature, 7, on the international temperature 


scale of 1927, thus 
P,/Po wm 0.56)°(¢ LAC is. 1) 
where ¢ Was taken as 14,320 micron degrees lt 


was found that the observed imereases in colo 


temperature did not quite correspond to the 








computed increases, and slight adjustments within 
the uncertainty of the original determinations 
were made so as to vield the most probable 
values Table 1 shows the amounts of these 
adjustments in terms of voltage applied to the 
400-watt projection lamps used as standards and 
also in terms of color temperature in degrees 
Kel in and re« iproe al color temperature expressed 
In micro-reciprod al degrees (urd t| 


TABLE 1 1d oft the fixed points wv the 1934 scale 
olor temperature 
I 
Microre 
) cipros 
‘ \ cme 
17 volt : 
7 wT.) | aoe ee 
i} I - ture 
: 1 
A 
4 19 8 
) 8 ( { 
4 : 


$y similar application of blue and amber filters 
evaluated in accord with eq 1, the 1934 color- 
temperature s¢ ale was extended down to 1,800 
and up to $,250° K, so that secondary lamp stand- 
ards have been issued for any required color 
temperature over the range 1,800° to 3,250° K 
In addition we have designed a number of lamp- 
filter combinations, for example, those involving 
the Davis-Gibson liquid filters [5], so that stand- 
ards of color temperature on the 1934 scale have 
been available from 1,800° to 25,000° K. These 
extensions of the scale beyond the range, 2,046 
to 2,727° K, covered by the fixed points have been 
based upon (a) spectrophotometric measurement 
of suitable blue or amber filters; (b) computation 
of their ICL chromaticity coordinates for illumi- 
nants of known color temperatures; and (c¢) evalu- 
ation of these « hromaticity coordinates in terms of 
color temperature by means of the Planck radia- 
tion formula (1 

In October 1948 the Ninth General Conference 
on Weights and Measures adopted a revision [6] 
of the International Temperature Seale, which had 
In the 1948 revision 


of the temperature scale the value assigned to the 


been in effect since 1927 \7}. 


constant ¢ of the Planck radiation formula was 
changed from 14.320 micron degrees to 14,380 


micron degre Cs and by this revision the values of 


2 


temperature assigned to the fixed points 
color-temperature scale (the freezing po 
iridium Wwe! 


platinum, rhodium, and 


changed. It is the purpose of the presen 
to define the 1949 seale of color temperat! 
function of the 1934 seale, and also to po 
the different interpretation of the numbers 
1949 seale arising because of the change 


value assigned to @, 


II. Correlation Between the 1934 and 
1949 Scales 


It might be supposed, sinee the 1984 
color temperature is based on the 1927 | 
tional temperature scale, and the 1949 s 
color temperature has been changed only s 
make it accord with the 1948 revision of th 
national temperature scale, that the correla 
the color-temperature scales would be the s 
the correlation between the 1927 inter! 
temperature scale and its 1948 revision 
are tWo reasons, one important the other 
why this is not so. The important reason 
the 1927 international temperature scale is 
on the Wien radiation formula and so is un 
above about 4,500° K, because above this 
the Wien radiation formula begins to disag 
nificantly with the experimental facts 
trivial reason is the slight adjustment of th 
ages of the lamp standards of color tempera 
bring the seale into better accord with 


We have to sta 


new labels for the fixed points, derive new ¢ 


observation of blue filters 


tions of the blue filters to accord with the 1 
value of the constant, « revalue the re 
voltage adjustments, and so obtain the 1949 


of color temperature between 1,.S00° and 4 


1. Revaluation of the Scale Between 1,80( 
4,500° K 


Table 2 compares the values of temp 
assigned to the fixed points of the two 
temperature seales and gives the two vali 
signed to the radiation constant, ¢, 

The revaluation of the blue filters on thi 
of the new value of the radiation constant, 
be accomplished by assuming what is not 
ficantly in error for this purpose, that thes 
convert one Wienian energy distribution of 


erature, ¢,, into another of higher temperat 
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yroctit 


spe 





> } zing } ? ol platin im, rhodium, and ri. 
. } adiation constant, Co, according lo the 192 
. national temperature scales 
( K 
I liu I 

VJ 

I A Ah le 
; 14,324 
14, 38 


dition to be satisfied by the sper tral trans- 
7,. of the filter is that throughout the 


spectrum SO to 770 Mu 


T, = K(P./P,) =Ke Ol 
og, (1/T; log. A —c2(1/t;—1/te) /X, 2? 
AV is a constant independent of wavelength, 


is, if the logarithm of the reciprocal of 


transmittance of the filter is a linear 
of the reciproe al of the wavelength, that 


iminated by one Wienian radiator will 


spectral energy distribution corresponding 


her Wienian radiator at another tempera- 
We say, therefore, that the filter converts 
temperature to another, and we may 
the effect of the filter by 
color temperature, A(10°/ 7 


long as we hold to one value of the radia- 


the change in 
produced 
stant, ¢ This designation of the filter 
| micro-reciprocal degrees, urd, is valid 
of the initial color temperature, pro- 
th temperatures are less than 4,500° K, 
temperature range the Wien radiation 
well with the facts [8] 
be noted from formula 2 that the slope 
ndicating the values of log,(1/7\) as a 
Ol LA, is @A(1/t 


will, of course, be a constant regardless 


This slope for any 


bsolute temperature scale is used, and if 
of the te mperature sé ale is introduced 
i change in the value assigned to e, 

20 to 14,380, the filter will have to be 
by a new value of A(10°/7, 
1.320/14.380 


lower by 


therefore, started from the revaluation 

ed points given in table 2, have revalued 
used as indicated above, and have ob- 
mversions between the 1934 seale of color 


ture and the present scale over the range 


Scale of Color Temperature 


to 4,500° K It was found that these con- 


versions disagreed with those between the 1927 


1,800 


and 1948 international temperature scales by cal- 
culable amounts, but these amounts are all less 
than 1 degree Since this difference is about one- 
tenth of the uncertainty in the calibrations of our 
primary lamp standards of color temperature, it 
has been disregarded. The correlation between 
the 1934 and 
therefore taken to be in exact agreement with that 
between the 1927 and the 1948 international tem- 
1.800 to 


1949 color-temperature scales is 


perature scales where they overlap 


about £500 kK 


2. Revaluation of the Scale Above 4,500° K 


The correlations between the 1934 and 1949 
scales of color temperature above 4,500° K were 
obtained in a similar way except that account had 
to be taken of the difference between the Wien 
and the Planck radiation formulas. For each 
color temperature on the 1934 seale above 4,500 
K, the temperature vielding in the Wien radiation 
the nearest chromaticity match{9] was 
Esteyv{10 


formula 
derived from the tables published by 
The interval between this correlated color tem- 
perature and 2,842° K required to be bridged by a 
blue filter was then expressed in micro-reciprocal 
degrees. This interval was then adjusted to the 
value of « 14.380) applying to the 1948 revision 
of the international temperature scale by multiply- 
ing by the ratio 14,320:14,380. These adjusted 
intervals were then applied to the 
in urd of the spectral energy distribu- 


designation 
10°/2 829 


tion corresponding to a color temperature of 


2.842° K on the 1934 seale since this was the most 
common illuminant used in our iluminant-filter 
combinations to yield high color temperatures 
The resulting Wien designations were then recon 
verted to Planck designations by means ol Estey 's 


tables [10] 
Table 3 TIVES the correlation between the 1934 


viving the desired correlation 


and the 1949 scales of color tempt rnuture ovel the 


range 1.S00° to 25.000° K 


III. Interpretation of the 1949 Scale 


When a lamp standard of color temperature is 
issued from this Bureau together with a certificate 
giving the voltage required for any given color 
temperature, this means simply that the lamp 


operated at that voltage is certified to produce 


3 





TABLE 3 Correlation between the 1934 and the 1949 scales 
) vor temperature 
r r In ( ' 
“4 44 j "4 
k K K iN k K 
wT wii ss ‘ { 
mT wT an ss TT , 
- vu a” ba) ae ‘ 
. TI ws4 un s 
« i 1 x2 s, OOM s 
* i” ™ ; ue s 
“ uM 677 Oo On On 
. ; + (nM ws uy j ‘ 
4, uN 14 wn 4 
] ‘ “ 1 ae “oe 


the same chromaticity as would be produced 
within a closed cavity whose walls are maintained 
ata temperature on the international temperature 
scale equal to the color temperature of the lamp 
There are several uses to which such a lamp 
standard of color temperature may he put lt may 
be used either as a chromaticity standard, as a 


standard illuminant for colorimetry, or as an 


approximate standard of relative spectral cis- 


tribution of radiant flux within the visible 


spectrum (380 to 770 mu 


1. Chromaticity Standards 


The use of the lamp as a chromaticity standard 
Tray be made without apology The « hromaticity 
match with the perfect radiator identified by the 
color temperature although by no means to be 


expected from prior considerations, is a well- 


established experimental fact [2]. In spite of the 
fact that part of the radiant flux originates from 
the outside, and part from the inside, of the coil of 
tungsten wire, part from the cooler ends, and part 
from the hotter middle of the coil, the chromaticity 
is the same as that of the flux from the refractory 
tube within an uncertainty less than the least 
chromaticity difference perceptible This applies 
not only to the primary lamp standards, but also 
to the working standards issued by this Bureau 
This chromaticity may be evaluated in terms of 
the standard ICI] coordinate system for colorim 
etry [3] by way of the spectral radiant flux from the 
given by the Planck radiation 


perfect radiator 


formula by substituting the color temperature for 


temperature in the formula, and by setting 
< 14.380 micron degrees 
4 





2. Standard Illuminants 


The use of a lamp ata specified coor: te 
ture as a standard illuminant for coorin 
sanctioned by the wording of a recomme 
of 1931 by the 
Hlumination [3], part of which may be tra 


International Commis 


It is recommended that the following three i 
be adopted as standards for the general color 
materials \. A gas-filled lamp of color ter 
2,848° K* 

*Note: For calculations of the speetral dist: 
energy, the constant, ¢, of Planek is taker equa 


micro! che yrTrees 


Since 1931 this Bureau has had two 1 
of the color temperature scale; one, the 1954 
sion [2], and one, the present (1949) revisi 
strict reading of the ICI recommendatior 


A shou 


K on both of these revisio 


indicate that standard illuminant 
form to 2,848 


should be calculated in accord with ¢ eq 


14.350 micron degrees. We have not so 
preted the recommendation, however; inst 
have taken as standard ICI illuminant A 
1934 seale (¢@— 14,520) the color 


2 842° K. and now we take illuminant A 


temp 
2. 854° K to accord with the new value assi 
e (14,380). The spectral distribution of 

flux caleulated by these three designati 
standard illuminant A (7’.—2,848 for e, 

T.=2,842 for e=14,320; T 
14,380) agree; the lamp standards of colo 


2.854 fo 


perature issued to represent standard illu 
A have varied in accord with our best infor 
at the time regarding the meaning of th 
of color temperature then current 

The use of an actual lamp as a standard 
nant thus rests on an international agi 
that has been interpreted in terms of the s 
distribution of radiant flux of the perfect 1 
vielding the same chromaticity as the st 


illuminant 


3. Standards of Spectral Distributior 


The third use of lamp standards of col 
perature to serve as standards of the 
spectral distribution of radiant flux thro 
the visible spectrum is admittedly appro 
It rests upon the fact that the technique of s 
radiometry in absolute terms has so far n 
vressed inh bevol 


eertainty appres inbly 


approximation It is known that a 
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esten filament of uniform temperature fails to 


a spectral emissivity of exactly the wave 


th dependence required to produce the spec- 


flux characteristic of 
Within 


sible spectrum a very good approximation to 


distribution of radiant 


wrfect radiator at any temperature 
ectral distribution from a tungsten surfac 
‘ined from the Planck radiation formula by 
ting a value for the temperature, ¢, higher 
true temperature of the tungsten surface 
on this account that the color temperature 
gsten-filament lamp is higher than = the 
This accords 


mperature of the filament 


he deerease of the spectral emissivity of 
is wavelength is increased and with the 
tungsten at tem 


h appearance of room 


ver, the approximation between tungsten 


perfect radiator in regard to spectral dis 
Measurements by Worth 
ndicate that the emissivity of tungsten is 


I nm the 


mounts less 


shot pe riect 


middle of the visible speetrum by 
than 2 to duplicate in 


distribution the perfect radiator at oa 


mperature. We should expect, therefor 
mp consisting of a bulb of possibly greenish 
sing a straight tungsten filament would 
enish relative to the perfect radiator 

o the temperature vielding the nearest 
ty match, and it would not be possible 
assign to such a lamp a value of color 
The amount of this chromaticity 
Worthing’s 
to a difference in the y chromaticity 
double the 


estimated from data cor 


of about 0.0010. about 
tv difference detectable under the con 
ed to compare in our work [2] the light 
nterior of the refractory tube with that 


projection lamps with coiled tungsten 


re to detect a green coloration of the 
ve to that of the refractory tube might 
hat Worthing’s data for 


insufficient 


ii single wiave- 


i7u) give an basis for 


Cree coloration Howe ver, bye culls 


of radiant energies from two pertect 


it different temperatures ts deficient im 

of the visible spectrum compared to 
mm perfect radiators of  intermediats 
to aseribe it to the 


different 


we are inclined 


n color temperature of parts 


Scale of Color Temperature 


of the coiled filament of the lamp At anv rate, 


such indications us We have suvvest that i lamp 


standard of color temperature such as we issue 


can be used as a standard of spectral distribution 
than 


of radiant ffux with an uncertainty less 


percent between 400 and 700 my 


4. Intercomparison of the Scales with Regard to 
Spectral Distribution 
kinds of application of color- 


In all 


temperature standards, it is noteworthy that the 


usefulness is based primarily upon the well-sup- 
that the 
radiant flux from these lamps can be computed to 


ported view spectral distribution of 
a close approximation from the Planck radiation 


The 


users of lamp standards of color temperature in 


formula primary interest, therefore, of 
the 1949 revision of the color-temperature scale 
lies not in the numbers used to designate the color 
temperature, but rather in the speetral distribu- 
We pro- 
ceed, therefore, to a comparison of the three scales 
the 1922 seale, the 


1949 seale, all in 


tions of radiant flux indicated by them 


used at this Bureau since 1922 
1934 seale 


terms of the spectral distributions of radiant flux 


and the present, OF 


indicated, 
(a) Comparison of the 1934 and 1949 Scales 


To obtain for a given color temperature on the 
1934 seale the value of color temperature on the 
1949 seale corresponding to the same intended 
spectral distribution, it ts hecessary to take account 
1934 seale 


instead of the 


of the facet that tn the the value of « 


was set at 14,320 present value 


14.380 Because of this change in the value of ¢ 


the voltage on a standard lamp to produce a 
standard spectral distribution of radiant flux (such 
as standard illuminant A) has to be raised by an 
that corresponding to the 
1O34 


color-temperature seale standard thhuminant A was 


umount more than 


difference indicated in table 3.) Thus, on the 


from table 3 would 


1949 senk sul 


taken as 2,842° Kk, which 


correspond to 2.S29 K on the 


from eq 1 it may be seen that to obtain the same 


spectral distribution it is necessary that the ratio, 


«oT... be kept constant Thus, if ilaminant A 
corresponds to a color temperature ot 2.842 ly 
for ¢ 14,320, it must correspond to a color tem 


perature of 2.842 (14,380 14,320) =2.854° K if ¢ 


14.580 The discrepaney in terms of 


134 


is set at 


spectral distribution between the and = th 





2.854—2,829=25° K 


Table 4 evaluates 


present scales is therefore 
at 2,842 
this discrepancy for a number of color temperatures 
between 2,000° and 2,900° K. It will be noted 


K on the 1934 seale. 


that the discrepancy varies from 14° to 25° K 


within the color-temperature range of about 





2 OOO? to 2.900° K 
PaBLe 4 D par } ee the 19 ind the 1949 
j at will €8 pe t lo spe ire listribue- 
/ ; / fhe 19 4 scale 
( r temper 
r rrespor 
tr i 
( Di 
( 
- 4,384 
h 1 
1.380 7 454 
A A K iN 
_ 2.077 1 
} ~ » - 
‘ 2 
‘ > 20 - 
» 430 7 
~ s 2 S59 4 
i | 2 aS. 


(b) Comparison of the 1922 and the 1934 Scales 


The seale used here between 1922 and 1933 
was based large ly on lamps from the Nela Labo- 
ratory. ol the Electric Co. 
through W. FE Greatest reliance was 
placed on the 2.360° and 2,848° Kk pomts, ¢, 

14,350 


ried out by means of the Priest rotatory-dispersion 


Ceneral obtained 


Forsythe 
with interpolation and extrapolation car- 


colorimeter [12]. An independent check of the 


2.848° K point was carried out [12] by measure- 


ments * of the spectral distribution of the radiant 
flux emitted by BS lamp 1717 set at 2,848° K on 
the Nela seal The color temperature derived 


from this spectral distribution by setting ¢2 
14,350 was also found to be 2.848° K, an exact 
1934 and 1935 


comparisons were made of the Nela scales both as 


check probably fortuitous. In 


maintained at this Bureau (some published [2] 
and some hitherto unpublished) and as maintained 
at the Nela laboratories [13]. Table 5 shows the 
results of these comparisons 

Table 6 compares the 1922 scale with the 1934 


scale with regard to spectral distribution. 


TABLE 5 
scale and with the 1922 NBS scale based larael 


Comparisons of the 1934 scale both with 


Compa Diff 
Comparison at 39 
. NI Nela 
t Pu 
Ni NB : 
, 1034 NI 
‘ 4 4 ' 
kh A A kh A K k 
4 2 OOS 
$ 
\ 
ra 
} 
. &4 
4s s 
TABLE 6 Discrepancies between the 192 and 
scraies of colo femperat ‘ will espect to spe 
} p l on ti 19 leé 
{ 
‘ | 
( 
, 43% 
: iti ‘ 
‘ 
— 
Planek 
4 
kK kh A K 
i os 4 4 
% 9 ‘ 
F 3s 
» 2 “4 ye 
S48 % 4 2 


(c) Comparison of the 1922 scale and the 1949 : 


It will be noted from table 6 that the n 


on the 1922 seale for a given spr etral disti 
are lower than those on the 1934 scale by ar 


But from 
it is seen that the numbers on the 1949 s 


ranging between 19° and 37° kK 


likewise lower than the 1934 scale by com} 
The 1922 seale and the 194! 
disagree in spectral distribution consideral 
1934 scale T 


compares the 1922 and 1949 seales of col 


amounts 
than either does with the 


perature W ith regard to their indication of s 


distribution. It does this simply by givi 


sum of the discrepancies indicated in tables 4 
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54s 4 


vy be seen from table 7 that as far as 
on of spectral distribution of radiant flux 
rned the most important part of the NBS 
to 2,848° K) has 


en returned practically to what it was on 


if color temperature (2,727 


929 scale The differences (—2 and 4 dee K 


tably smaller than the uncertainties (6 to 


SS EERE EW 


beg K) estimated for lamp standards of color tem- 
pefiture in this range. The same measurements 
(ZF that indicated in 1934 that the NBS 1922 scale, 
baged largely on the Nela scale, had to be revised 
nov by reason of the change in C2 from 
120) to 14,580, that the amount of adjustment is 
Bac] 


V indieate 
v significant 
§) Interpretation of the Scales of Color Tempera- 


ture in Terms of Voltage Applied to Lamp 
Standards 


Mhose who have had a lamp standard of color 
rature certified between 1934 and 1948 
Duld read from table 3 the color temperature on 


949 scale that corresponds to the value 
fied on the 1934 scale If it is desired to 
voltage adjustment, dV, corresponding to 

n change in color temperature, d7,, use may 
ide of the approximate relation connecting 
tio of these quantities with color tem- 

re, T., and voltage, V, for gas-filled tung- 


iment lamps: 
dT JdV T.—620)/2V 3 


imple, a lamp might have been certified at 
K on 
If it be desired to set this lamp 


to give a color temperature of 3,000 
34 scale 


3 Scale of Color Temperature 


i 0 





to 3,000° K on the 1949 seale, it may be noted 


from table 3 that the voltage should be increased 
by an amount corresponding to 15 deg KK. The 
number of degrees per volt is found from eq 
3 to be: (3.000—620) /2 «* 91.5—2.380/183.0—13 
The adjustment is thus 15/13=1.2 v. Or, as 
another example, a lamp might have been certified 
as a standard for illuminant A at 85.0 v, which 
on the 1934 seale is designated as 2,842° K with 
(= 14,320. Illuminant A, 


14,320 to 14,380 is now 2,854° Kk It may be 


with ¢ changed from 
noted from table 3 that the color temperature of 
the lamp at 85.0 v (2,842 
is 2.829° K on the 1949 seale. 


voltage on the lamp must be 


K on the 1934 scale 
Accordingly, the 
raised enough to 
change the color temperature by 25 deg 


2,829 


2,854 

From eq 3 the number of degrees per 
volt is found to be: (2,842—620)/2™* 85.0 
2,222/170=13. The adjustment is 25/13=1.9 v. 
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ote on the Disintegration of Wool in Abrasion Tests 


By Herbert F. Schiefer and John F. Krasny 


The coating that formed on the abradant when a specimen of wool fabric was abraded 


and caused the rate of abrasion to increase approximately ten times in three successive tests 


mtb he ts Be + Aaa oe rw oon 


was examined critically Microchemical analvses showed that it had the same composition 
as the unabraded fabric. Infrared absorption curves of the coating and of the powder of 
the unabraded fabric, ground in a vibratory ball mill, showed the same absorption charac- 
teristics Electron micrographs of the coating showed that it contained extremely small 
particles, many of which were approximately spherical in shape and about 100 to 200 
Angstroms in size Similar particles were observed in the abraded debris when the specimen 
was kept wet with water during the abrasion test and also in the powder into which the 
nabraded fabrie was ground in the vibratory ball mill. It was concluded that the coating 
that formed on the abradant consisted of extremely small particles of wool, which appear to 
correspond in shape and size to the elemental structural units (keratin molecules) proposed 


rece t concepts of the strueture of wool 


I. Introduction was found that the coating formed as readily on 
the abradant as without ionization of the air 
R nt results obtained with the Schiefer nr , 
The coating did not appear to form when the wool 
abbesion testing machine on a wool fabric showed 
specimen was kept wet with water during the 
that the rate of abrasion increased approximately 


abrasion test. 
es when three specimens were tested suc- , : i 
om ‘ In view of the great effect of the coating on the 
with the same abradant This effect : a 

rate of abrasion and the important bearing that 
tained with the spring steel blade abradant 
this observed effect has on the interpretation of 

so with the Pyrex rod abradant It was : 
' the results of abrasion tests, it seemed essential 
that this tremendous Increase 1n the abra- 


to examine the nature of the coating verv care- 
tion of these two abradants Was caused . a , : . 
' fully The results of this study are presented 
ating that formed on the surface of the : F 
pa ' and discussed in this paper 
The formation of a coating on the 


surtace has since been observed when a 


II. Coating 


of other wool fabrics were abraded, and 


“oo ee Shon always an increase in The coating that forms on the abradant, when a 
of abrasion Pests were made in which specimen of a wool fabric is abraded. is brittle. 
n the immediate vicinity of the abraded appears to form in ridges, and adheres tenacious) 
the wool specimen and the abradant to the abradant surface. A typical example of 


Vs 


s ionized by an alpha emitter, and it 


the coating is shown in figure 1, where the surface 


of one Pyrex rod of the abradant is completely 


coated; whereas the other rod, which was located 
1 f 40, New York, N. ¥ i t the 
me 49. Ck ne yg ipatees at the outside periphery of the abradant and did 
. | the 1 “ae Research J not come in contact with the test specimen, is 
ah I Res ne cay = yo po not coated The diameter of these rods was '< in 
J. 19, 259 to 260 (M 9); ASTM Bullet In this test a 2-in.-diameter specimen was abraded 
ve , so that the periphery of the abraded area always 
: passes through the center of the Pyrex rod located 
eninge Se “. ’ : ° | at the center of the abradant This central rod 
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Ficure 1. 


Uncoated and coated Pyrex rod of abradant 


Approximate magnification, X22 


and a group of rods located in concentric circles 
about it are shown in figure 2. — It is interesting to 
note that the coating on the central rod appears to 
build up in radial ridges, whereas the coating on the 
other rods appears to build up in more or less parallel 


ridgesoneach rod. These parallel ridges on the var- 





Figure 2 


Coated Pyrex rods of ahbradant showing the 
ridges of the coating converging to the center of rotation of 
the abradant 


Approximate magnificatior 


10 


ious rods, however, are all radial with respect to i ) 
central rod about which the abradant rot: 
In the mathematical solution for obtaining v@ 

form abrasion,’ on which the Schiefer abras the coat 
machine is based, it was pointed out that the d ld be 1 
tion of the instantaneous relative velocity betw p razor 
any point of the abraded area of the specimen a 
the abradant is always at right angles to the rsed qu 
that passes through the centers of rotation of formed 
specimen and of the abradant. All the rad alt to | 
the central Pyrex rod of the abradant coin Ae contin 
with this line once in each rotation. It foll chemi 
therefore, that the ridges of the coating on (giBped abs 
rods are at right angles to the instantaneous | 

tive velocity between the specimen and IT. 
abradant at the instant when each ridge coin wail 
with the line joining the two centers of rotat emails 
This close association between the alinemen! rade 
the ridges and the direction of the instantan ie 
relative velocity, when each rod coincides with 

line joining the two centers of rotation, sugg 


that the ridges are probably formed at t! 
instants. 
A higher magnification of a small portion « 


coated rod is shown in figure 3. The coating ¢ 
sists of extremely small particles that could no 
resolved in the light microscope. It gave a p 
tive test for protein with Millon’s reagent. 

* Herbert F. Schiefer, Solution of problem of producing uniform 
ind its application to the testing of textiles, J. Research NBS 39 
1947) RP1807; Textile Research J. 17, 360 to 368 (July 1947 
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Vag 


fied appearance of 


coating on a rod was moistened with water, 
be very readily lifted from the rod with a 
blade The 
brittle 


lavet of coating so re- 


AG} i 
I 


emed after it became dry It 


quite readily when it was placed in water 
rmed a cloudy Suspension It was not 
to remove and collect a sufficient amount 
mating from the ends of the Py rex rods for 
ochemical analy ses, electron micrographs, and 


ubsol ption spectra 


III. Microchemical Analysis 


ating, which formed on the abradant 
cimens of three different wool fabries 
aded, was removed from the ends of the 


ds as deseribed in the preceding section 


TABLE | V/ } nalyse t} roo 
iH ( 
Ie I ¢ 
A ' } 
4 4 t 


va 
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fab 


A microchemical analysis was made of the coating 
of each fabric and also of a portion of each un- 
abraded fabric. The results are given in table 1. 
They show that the hydrogen, carbon, and sulfur 
composition of the coating is in each instance the 
same within experimental error, as of the un- 
abraded fabric. The nitrogen content of the coat- 
ing seems to be consistently and significantly lower 
than that of the fabric. 
three coatings and of the three fabrics are very 


The compositions of the 


nearly alike and are close to the values reported for 
wool in the American Wool Handbook. It is con- 
cluded that the the 
abradant of these tests, is composed of extremely 


coating, which formed on 
small particles of wool abraded off the wool fibers 
rather than a resinous or other finishing substance 
that was added to the wool fibers in manufacture. 
The supplierof one of the dyed wool fabrics stated 
that it contained no resinous finish. No reply was 
received from the supplier of the other dyed wool 


fabric 
IV. Electron Micrographs 


A small amount of the coating, removed from 
the abradant, was dispersed in water and a minute 
quantity of the dispersion was placed on a collo- 
that was shadowed with chromium to 


dion film 


enhance the contrast of the electron microscope 


image. Electron micrographs of the wool par- 
ticles comprising the coating on the abradant for 
the undyed and blue dyed wool fabrics are shown 
in figures 4 and 5. It can be clearly seen that the 
coatings consisted of many small particles that 
were approximately spherical in shape. Particles 
200 A in size are definitely resolved, and some 
particles crade down to the particle size of the 
of the of 100 A 


Many of the larger particles may be undispersed 


background, which is ordet 


aggregates of the smaller particles. Others appear 


cs and of the oating ormed on tl thradant 
oO 
S ( 4 be 
ry 
j Pe 
‘ é 
4 14 N S 
t j N ; 


ll 





to be larger sized particles that were abraded off 


the wool fibers during the abrasion test. 

It was mentioned earlier that the coating did 
not appear to form on the abradant when the 
specimen was kept wet with water during the 
abrasion test. Droplets of water, which were 
thrown off during the wet abrasion test made with 
the spring steel blade abradant, contained very 
finely dispersed abraded debris. A quantity of 
droplets was collected that vielded sufficient 
abraded material for electron micrographs and 
for infrared absorption spectra. Electron micro- 
graphs of the abraded wool particles, which were 
obtained during wet abrasion, are shown in figures 
6 and 7 for the undyved and blue dved wool fabrics 
A large number of very small particles, approxi- 
mately 100 to 200 A in size, can be observed as 
being produced during the wet abrasion test of 
these fabrics. 

For infrared absorption spectra studies of cellu- 
lose, Rowen, Forziati, and Stone ground = the 
cellulose to a very fine powder in a vibratory ball 
mill The three wool fabrics were ground in 
the same manner. Electron micrographs of this 
finely ground powder are shown in figures 8 and 9 
for the blue dved wool fabric Although most of 
the particles are very much larger than 200 A, 
there are some particles of the ordet of 100 to 
200 A 


V. Infrared Absorption Spectra 


Infrared absorption spectra were obtained for 
the coating that formed on the abradant, for the 
debris contained in the droplets of water that were 
thrown off during the wet abrasion test, and for 
the finely ground powder that was obtained when 
asmall amount of the unabraded fabrics was ground 
in the vibratory ball mill. The infrared absorp- 
tion spectra obtained for all of these three condi- 
tions for each of the three wool fabrics showed 
essentially the same absorption characteristics. 
The detailed discussion and interpretation of the 
infrared absorption spectra of wool is beyond the 


scope of this paper. 


In all abrasior 
and corticle cell 


not considered 
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VI. Discussion 


The results presented in the preceding Sect 
indicate that wool disintegrates into very s 
particles during both wet and dry abrasion 4 
with the Schiefer abrasion testing machine. § 
of these small particles are roughly globuly 
shape and of the order of 100 to 200 A in 
They appear to correspond to the eleny 
particles (keratin molecules) recently sugg 
for the structural units of the protofib: 
matrix of wool. They are also of about tl 
size as the thickness of the epicuticle or 
the wool surface, 7 which probably is the sar 
the smooth outer laver of the wool scales, y 
was shown to be worn off in abrasion tests 
the Schiefer abrasion machine. During a) 
visit to this Bureau, J. R. H. van Noul 
Vezelinstituut, T. N. O., Delft, Holland, s 
to one of the authors that the Fibre Res 
Institute had examined the abraded debris 
buttons of wool garments and found that in; 
wear wool disintegrates into a very fine pow 
approximately the same size as the particles 
are worn off during the abrasion tests discuss 
this paper 

Although complete answers have not 
obtained as to why the abradant becomes « 
during an abrasion test of a wool fabrie, wh 
abrasive actions of the abradant is thereby gr 
increased, and how the formation of the « 
may be prevented, interesting informatior 
obtained concerning the mechancial disintegt 
of wool. The very small disintegration pro: 
obtained appear to conform in size and shape | 
elemental structural units proposed in 
concepts of the structure of wool. It is pos 
that the results of mechanical disintegrati 
wool in this type of an abrasion test can pre 
an additional tool in appraising the effects of ¢ 


eal modifications and treatments of wool. 
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I. Introduction 


n searching for voltage standardization meth- 
at frequencies from 10 ke to 300 Me, promis- 
esults were obtained in the early part of 1946 
the bolometer bridge. This eventually 
of the 
herein To 


equipment 


to the development equipment and 
ih 


nts the 


ique deseribed meet require- 
to be 

al, reliable, of high precision, and were to 
oach ot | Reliability 


» be assured by ( ross-checking results of two 


methods and were 


an accuracy percent 


independent methods. Individual meth- 

d techniques were to be adapted for regular 
the basis ol accuracy, speed of mecasure- 
ind of their individual maximum ranges of 
and frequency 

he light of present experience, measurements 

oO frequencies to accuracies of l percent 


tion Laboratory Report 


NBs ¢ 
CRPI 


x 


= 
5 
Ca 
AY 
od ’ tages for r-{ Standardization 
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Bolometer Bridge for Standardizing Radio-Frequency 
Voltmeters 


By Myron C. Selby and Lewis F. Behrent 


In the course of work on r-f standardization projects of the National Bureau of Standards 
practical ¢ ipment and techniques were deve loped for measurement of 20 m olts to 
1.9 volts at radio frequencies below 700 megaeveles, with further broadening of these ranges 
t nh progress rhe devices employed do not require frequen correct so that 
esults are ased direct-current measurements, which can be made quite accurately 
Repre ! t ind agreement with independe nt methods was found to be 1 percent or 
ett The primary funetior f the equipment is to make available a standard voltage 
‘ i esired va and frequeney within the above range that would be required for a 

yg vwcurate and at the same time practical voltmeter-calibration procedure In addi- 

t the equipment may be used for direct measurement of r-f generator voltages; as a 

standard of r-f impedance; and for accurate power measurements of 20 microwatts 

to 100 n vatts An analvtieal study of the range-limiting factors of this technique is 

presented ippropriate curves and strations are shown, al major teps of procedure 
il ed 

\r lependent method and appropriately designed equipment for accurate r-f oltage 
feter itions based on measurements of direct current and of ear ens ya 
transmissiol ne of known characteristic impedar al ilso describ 


were considered of high precision. Reproduci- 
bility of results, as well as agreement between 
individual primary methods, was to be within 


] perce nt. or better 
Herein “ 


incidental 


Frequency errors Were to 


be negligible precision” is used in refet 


ence to sensitivity, Variations, scale- 


reading facilities, and other errors of observation; 
“accuracy” refers to the true value of the quantity 


measured. Results may thus be precise and not 


aecurate, but not vice versa, 1. e., once a value 
is stated to be accurate to a certain degree it Is 
hecessary that measurements be precise to the 
sume degree. The term “systematic error” is 


frequently used in pla e ol “aceuracy as defined 


here, and “accidental error’ is used in place of 
“precision.” 
Among the devices suitable for primary measure- 


r-f 


the most practical operating principles employed 


ments of voltages in the sense stated above 


the bolometer-bridge using the substitution 
for d-« ol 


were 


of r-f power, measurement current 
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through a known resistance, cathode-ray beam accuracy of the power measured, whereas 
deflection, and the electrometer. Each of these prime importance for voltage measurement 
principles is useful over a considerable range of the present purpose, the bolometer impedat 
voltage and frequency. The bolometer bridge figuration must meet the condition that 
method and the extent of its agreement with voltage across it be practically equal to t 


other methods will be des« ribed here. value ut all frequencies considered. This 


tion can be met only if the bolometer admitt 


II. Basic Principle consists essentially ofa pure conductance s 
- , by any value of positive or negative susce} 
The principle of r-f power measurement by : oe , 

Appropriate types of bolometers were th 


a bolometer bridge Is widely known. 


means of . 
chosen, and a mounting for them was desig 


It consists briefly of balancing a d-c wheatstone ; 7 
: meet the above condition over a wide frequ 
bridge, having a bolometer (a device the resist- a ; 
ance of which is a function of the power dissipated a - agian einen of the —- 
in it Ih one of its arms and of rebalancing it shown ™ ngure ae’ It ” evident that ‘ 
again after some of the d-c power in the bolometer 
is replaced by r-f powe! Under these two con- 
ditions the difference in the d-e power consumed 
by the bridge gives a precise indication of r-f 
power applied. An elementary circuit diagram 
of such a bridge is shown in figure 1. As used 
here, the term ‘“‘bolometer’’ refers to r-f powel 
detectors having resistance elements of high 
temperature coeflicient of resistivity 
The fundamental difference between r-f powe1 
bolometer-bridges and those for r-f voltage rests 
in the fact that the reactive component of the 
bolometer Impedane e has no great bearing on the 
and iV wh) must be negligible, althoug! 
value of Cis of no direct significance except 
the bolometer assembly is used for power o 
measurements, in which case it may be tune: 
P,, may have a finite value, but it should be 1 
gible as compared with Ry because of its vat 


with frequency as a result of skin effect. 


Ill. Technique and Its Limitations 





1. Bolometers and Bridge Circuity 


a The choice of the type of bolometer and th 

~~ sign of its mount seemed to be the most erit : 
features in establishing r-f voltages of know) 

ue. Two types were available for considera ties 

. namely, the thermistor and the wollaston-wi * 
el “little-fuse’’) unit. <A glance at figure 3 will 
that the physical dimensions of the former 

d more adaptable for the purpose, whereas the | 
inductance and size of the available wollaston 
units limited their usefulness only to relativel 
frequencies. Other advantages of the thern 


are indicated below. ; 


Journal of Researct B citag 


; 
. 





rmistor? is a semiconductor such as ura- 
de (U.O., or a mixture of nickel oxic 
\In.O 


ative resistance-temperature coefficient. 


()) and manganese onic having a 


ads used in this work are olass-coated ana 


lhimeter depending on ¢ haracteristics de- 


The smallest appl ed in this case had an 
mate over-all outside diameter of 0.015 in 
tinum connecting-lead diameter of 0.001 
a single lead length of several thousandths 
\ wollaston-wire is a platinum wire of thi 
0.0004 in. in diameter drawn inside a sil 
this silver coat is removed over a small 

by etching with a solution of nitrie acid 

INO thre exposed platinum core constitutes 
section of the bolometer and may he 

ong With mounting provisions the final 


GHUINeCHSIONS are isually ereater than thos 
mistors and consequently prove less desi 
some applications. Greater overload 
y capacity is a major factor in favor of the 
tor. The power sensitivity of a commer- 
wollaston-wire type bolometer (such as 
Sperry type barrettet is approximately 5 
mw (for 200-ohm initial condition at 25° C 
esponding figure for the unmounted ther- 


mentioned is approximately 15 ohms mw 


e shown later that the thermistor sensi- 


a“. Vv itages for r-f Standardization 


tivilyV Is reduced when mounted close to bodies 
having good heat conductivity. 

Schematic circuit diagrams of a single-and two- 
thermistor bridge are shown in figures 4 and 5 
The single thermistor bridge (fig. 4) requires 
chokes to keep r-f current out of the d-e circuit, 
whereas in the two-thermistor bridge (fig. 5) the 
d-c circuit has no r-f potential across it, thus 
eliminating the need for chokes 

The general expression for the rms voltage V 
for the two-thermistor bridge, as derived in up 


pendix I, is 


wher 


ct PR R 


thermistor resistances when the bridge ts 


constant ratio of the individual 


balanced with or without r-f applied to it 
R R R : R . R 


figure 5 


and R ure as shown inh 


lV; voltage drop across the resistor in series with 
the battery at initial d-c¢ bridge balance 
switch S open 

l; voltage drop aeross that resistor at second 
balance (switch S closed 

| batt ry voltage, whi his assumed to remain 


constant with load variation 


7 
4 
RF RCE 
e , 
i) R +R 
A 
~ 
, 
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. c 7 
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é Raq 
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Condensers ( and CC” prevent direct current 
flowing to or from the r-f source or device con- 
nected to the measurement terminals ( and ( 
are chosen large enough so that the effective load 
presented to the r-f source is essentially the d-c 
resistance of the two thermistors connected in 
parallel 

For the single-thermistor bridge, and for the 
two-thermistor bridge when Ry>,~R,, the r-f volt- 


aye is 


V ) ~ R ((Viez— Ver) (2Veo— Vn2— Vei)]'. (2 

R-f chokes in the single-thermistot bridge reduce 
errors caused by incidental rectification of r-f 
voltages entering the d-c circuit. They also reduce 
the loading effect of the bridge on the r-f source 
A choke in series with each of the &, arms is shown 
in figure 4. This simplifies operation and computa- 
The chokes 


must be shielded, properly installed, and must 


tion when the chokes are matched 


have stable resistance and a sufficiently high im- 
pedance over the entire frequency range of applica- 
tion. Difficulties in meeting these requirements 
make the two-thermistor bridge preferable. 
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Equation 2 is further simplified when 2; can 
made negligibly small as compared with Ry. 


this case: 


If, in addition, R R-, the simplest case of ; 
equal-arm bridge is obtained and 


V=}[Vn2(2Vo— Vez) }}. 


Typical thermistor characteristic curves (si 
footnote 2), one of which ts illustrated in figure |] 
show that there are two possible values of the 
Inistor current for each value of voltage Across 
over part of the range. The voltage maximur 
will be referred to as the “turning point.” In 
order to assure operation over the high temper 
ature coefficient portion of the curve (low R 
values), Vy, must be equal to or larger than th 
turning-point voltage. If Vy is lower than th 
turning-point voltage, other means, such as ap 
plication of external heat, of r-f or a-f powel 
miay be used to obtain an initial bridge balances 
at the desired Ry value. However, this procedur 
Is unsatisfactory, because R mav assume a high 
value during the process of rebalancing the bridg: 
for a measurement; this instability may neces 
sitate several time-consuming balancing attempts 


Another 


difficulty may be encountered with 


parallel operation of thermistors as a result of the 


presence of two possible values of thermistor! 


resistance for every value of applied — volt 


Av’ It is conceivable (and this was observed inp 
practice that one of the two thermistors will 
operate in its high-resistance region, whereas the 
other will be in its low-resistance region and will 
therefore carry most of the r-f current. This 
may take place when the thermistors have widely 


different) values of turning-point voltages and 


resistance-temperature coeflicients. It ean be 


avoided by approximately matching the thermis 
tors and by choosing operating values reasonably 
removed from the turning point. The readet 
may at this point wonder how it is at all possible 
to obtain stable operation with negative temper- 
ature-coeflicient resistors connected in parallel 
to the same power source, because a slight decrease 
in the resistance of one of them would cause con 
secutive reactions decreasing its resistance further, 


and reducing the current in the other shunt ele- 
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nts The answer is that the above reaction 
v in fact take place up toa certain equilibrium 
nt at which the voltage drop in the source 
wdance reduces the voltage applied to the 
rmistors to a value necessary to maintain the 
rmistor resistances constant. The difference 
operation of negative temperature-resistance- 
flicient elements as against zero or positive 
iperature-resistance units is that the former 
inot be indiscriminately connected to a power 
ice of insufficient internal (or series external 
rent-limiting) impedance without damaging 
her the load or the power source, or both. 

\s will be shown later, batteries are preferable 
rectified a-c power sources for wide voltage- 


ge and accuracy. Once batteries are chosen, 


cannot be readily varied except in steps of 
iwle cells This feature makes it difficult to 
an equal-arm bridge at a negligible value of 
One might mention here the desirability of 
A lower Ry cor- 





ivVing R, as low as possible 
sponds to a higher thermistor temperature with 
lower consequent interference from ambient 
mperature Variations. 

The error in V as a result of thermistor mis- 
itch (i. e., the error caused by assuming a=1 


s given by 
l 2a?(1+a)~. (5) 
\ppendix II gives the derivation of this error, 


Here, 


nd throughout the discussion below, A designates 


nd figure 6 shows its magnitude versus a. 


relatively small finite increment of a quantity. 
There is, however, no difficulty in measuring a, 


will be shown in the discussion of the final 


juipment. It may be seen from figure 6 that a 
smatch of about 5 percent can be safely neg- 
ted, because the error in V will thereby not 


exceed 0.1 percent Equation 1 must therefore 


used for values of @ larger than 1.05, whereas 
values of a closer to 1, eq 3 (or its equivalent 


en R,#0) is sufficient. Factors contributing 
lividually an error of 0.1 percent in V may be 
vlected on the assumption that the total accumu- 


ed error will not exceed 1 percent. 


The accuracy with which @ must be determined, 
not exceed a 0.1-percent error in V, is derived 
appendix IIT and is shown in figure 6. A lower 
lue of a requires less accuracy in its determina- 
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FIGURE 6 A Permissible error n determining @ for a 


0 I-percent error tin the r-f oltage, V. Broken-line section 


represents eq 27, appe ndiz Ill. Broken line, 


Aa 2o — 1.00202) + y (26 — 1.0020?)?+ 0.0080. 
a 2 
s Aa 2(1 . 
Solid line, “= “10-3. (B) Error in V when mis- 
a l—a 


match between the thermistors of a two-thermistor bridge is 


neglected. uf ( l 2ya )- 


l-+a 


It is assumed throughout the text that a 
remains constant for all values of d-c and r-f 
voltages within the working limits of the bridge. 
Experimental evidence indicated this to be essen- 
tially true for the great majority of individual 
pairs of thermistors of the type used when their 
lead lengths and position in the gap of the mount 
were closely alike. The variation of @ in these 
cases did not exceed 1.1 and the agreement with 
independent methods was well within +1 percent.‘ 
In some cases, however, (as shown in fig. 16) a@ 
increased considerably with applied r-f voltage. 
For these cases eq | does not hold. It is therefore 
advisable to make sure that @ remains constant to 
10 percent within the working voltage 
This is in fact a requirement of 


at least 
range required. 
matching the resistance, versus power functions of 
the thermistors under operating conditions and 
can be accomplished by comparing the value of 
a without r-f voltage to that with maximum r-f 
voltage at any low frequency, e. g., 100 ke or 


rr ; . 
lower. Che potential error from this source 
increases with V. 

——— 
* Equation 10 on page 92 of the Technique of microwave easurements 
11, Radiation Laboratory Series (McGraw-Hill Book Co., New York, N. Y., 


dissipated in it 


1947), gives the thermistor resistance as a function of power 


Computations made after the original manuscript was written indicate that 
this equation closely represents the characteristics of the thermistors in the 
mount described Che initial a of a pair of thermistors was computed and 
measured to be 1.04. It increased to about 1.1 at an r-f voltage of 1.5 v Ihe 


potential error in this case was computed to be about 0.04° 
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The required precision of bridge resistors must 
be of the same order of magnitude as that desired 
for V, because aus shown In appendix lV, 


AR, AR, AV (R,7+R, 
R, R V R, 


The factor (R, - #,)/R, 
thermistor characteristics and as used was around 


1.7. 


is fixed by the operating 


2. Factors Limiting High End of Voltage Range 


The top value of the standard r-f voltage that 
can be determined with either the single- or the 
two-thermistor bridge is limited by the thermistor 
With the 


smallest thermistors having dimensions mentioned 


characteristics in a specific mount. 


above, this value was between 1.3 and 1.9 vy, 
depending upon the temperature of components 
With ther- 
mistor beads having a diameter of about M, in., 


When 


voltage dividers are em- 


to which the bridge was connected. 


voltages as high as 10 v may be obtained 
proper capacitv-tyvpe 
voltages may be 
dealt 


ploved, considerably higher 


determined. These dividers will not be 


with here 


3. Factors Limiting Low End of Voltage Range 


The low limit of r-f voltages is of major import- 
ance The lower it is, the more accurately volt- 
ages al the critically needed microvolt levels can 
be determined with the help of standard attenu- 
ators. Because of imperfections of standard at- 
tenuators, especially in the VHF and UHF regions, 
u considerably more accurate microvolt may be 
realized by using, for example, a standard millivolt 
and a 60-db attenuator, rather than a standard volt 
and a 120-db attenuator. This was the primary 
reason why considerable efforts were made to ob- 
tain as low a known voltage as possible. In doing 


so, another important objective was attained, 
namely, the opportunity of measuring the attenu- 
ation of standard attenuators directly in terms of 
voltage ratios. This is especially desirable where 
the permissible input power into an attenuator is 
limited. 

The low end of the voltage range is limited by 
(a) the sensitivity of the thermistors and of the d-c 
bridge, (b) the ease with which low values of Vz 
ean be adjusted and the accuracy with which 


V, and Ve can be measured, (¢ stability and 


Ry 
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accuracy of Vo, (d) thermal voltages and inciden 
voltage drops in circuit leads and connections, a 
(e) ambient temperature stability. 


(a) Thermistor and Bridge Sensitivity 


The bridge sensitivity is proportional to | 
sensitivity of the thermistor arm to r-f inp 
voltage changes. For the single-thermistor brid, 
this sensitivity (as indicated in the characteris 
curves of fig. 16) is about 0.18 ohm my for op 
ating values of thermistor resistances of from 50 
to 100 ohms For the matched two-thermist 
bridge, the thermistor arm sensitivity is twice t 
single-thermistor sensitivity, 1. e., 0.36 ohm/my 
because the same r-f voltage will cause an eq! 
resistance increment in each thermistor. 

The characteristics of the small-bead thermistors 
are such that an R, of 200 ohms and FP, of about 
300 ohms were found most suitable for a two- 


With the bride 


and calvanometer used, changes in R, of the orde: 


thermistor bridge arrangement 


of 0.01 ohm in 200 ohms could readily be detected 
For the stated two-thermistor bridge SeNSILIVILY Of 
0.36 ohm/my, an r-f voltage change of 14 my car 
be detected. The resulting uncertainty is there- 
fore 0.1 percent for an applied voltage of 14 my 
and, of course, correspondingly less for higher ap 


plied voltages 


(b) Accuracy of Vx, and Vx, 


As already mentioned, a perfect voltage regul 
tion of the source Vy was assumed. A storag: 
battery does approach this requirement, althoug! 
any other monitored source could be applied if 
meets stability requirements. One must keep in 
mind two difficulties when batteries are use« 
The first is the one stated before, namely, that | 
cannot be conveniently adjusted except in approx 
mate 2-v steps. The second is the poor accura 
obtainable in trying to determine a small quanti 
when this small quantity is the difference betwee 
two measured relatively large quentities. This 


would be the case when both V as and V» we 


large. These two difficulties may be large 


climinated (as was done in this case by the u 


of an unequal arm bridge. The initial bridge ba 
ance Was obtained by varving F#, with the adjust 
ble resistor (R,, R,) shorted. Vz 


voltage drop across the shorting switch. It can 


is therefore tl 
thereby be kept at a minimum and for relative 
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measured voltages may be 


As used, | R 


assumed equal to 
was of the order of 25 pv 


Figure 7 shows nominal d-c voltages (Vp) that 
must measure for the entire r-f range at a 
en set of values of the bridge circuit. The 


ve is only nominal because FR, is in practice 
ewhat different from the value chosen for this 
ve, depending on the characteristics of the 
cular thermistors in use. The case presented 
Modifica- 


sare possible in order to extend the low range; 


is In many respects only typical 


xuample, a mount employing a large number 
hermistors, all of them connected in series for 
et current and in parallel for r-f current, may 
ised, which would considerably increase the 
» of Ry to the equivalent r-f load resistance; 


values of V may then be obtained for corre- 


ding Vy. values. The greater part of the 
of figure 7 is linear on log-log paper. This 
be expected from the interrelation eq 2 


Vs ~O and 2V 


Vrs 


ns the expression assumes the form 


Under these con- 


k, Ves 


log V=log AK 


} log Vv; ri 


R2e 


e degree of departure of V from linearity 


v about 10 mv is a funetion of the magnitude 
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The effect of inaccuracy in measuring V, 
shown in appendix V. 


y2 IS 
An error of 0.1 percent in 
\ is assumed, and the corresponding “permissible 
error” in determining Vy. is derived and plotted 
in figure 8 for values of V from several millivolts 
tol.i5v. The “potential error” is shown in figure 
8 for values of V from several millivolts to 1.5 v. 
The potential error shown in figure 8 is based on 
the performance of the particular potentiometer 
on hand with the equipment. It was 
capable of measuring Vx, to 1 wv or to 0.015 per- 
cent, whichever The intersection 
point of the two curves in figure 8 indicates that 


the minimum value of V obtainable to 0.1 percent 


present 


is greater. 


because of inaccuracy in measuring Vx», is ap- 
proximately 20 mv. Lower levels of V may no 
doubt be measured to the same accuracy with 
other potentiometers. The low limit may in 


that case be computed in a similar manner. 

It is shown in appendix VI that, with the present 
equipment, a value of V 
ured to within 0.1 


of 20 mv can be meas- 


percent as a result of the in- 
accuracy in determining a voltage Vp, of the order 
of 25 pv 

Difficulties in adjusting Vx» be 


in the next section where the equipment compon- 


will discussed 


ents are deseribed., 











2l 








(c) Accuracy and Stability of 1’ 


It can be shown that the accuracy with which 
V must be measured for a desirable aecuracy in 
| Is expressed by 

AV, AV V 

V, V KV.(Va,—Ve, 
where kK [R 2 R R | 
of AV | lO and AK 


racy of Vy is 0.17 to 0.20 percent over the voltage 


For the present case 


0.04, the required accu- 


range of about 1.5 v to 20 mv, respectively This 
accuracy is well within the limits of the equip- 
ment used 

The discharge rate of the storage batteries 
interferes with obtaining a bridge balance when 
the galvanometer circuit is adjusted for the high 


sensitivity required at low-voltage measurements 


“3 


a 








0 
C ! 2 3 4 5 6 7 8 9 WO HW 12 #3 
TIME UNDER LOAD, DAYS 
} IGURE 4 D op in lermina voltaqe with time of 8 per ial 
hatteries under a constant load of As milliam peres 


Figure 9 shows the drift of V> (under the present 
load) to be approximately 0.001 percent per hour. 
To evaluate this quantitatively one may assume 
that the drift is equivalent to a readjustment of 
V, 


time interval of a single r-f voltage measurement. 


2 required to restore bridge balance during a 
The application of a special r-f and d-c switch 
described in the next section) reduces this interval 
essentially to the time required for a measurement 
of V as 


It may be seen from the curves given 
and the indicated drift that Vy. for a V of 20 my 
will have to be determined in about 40 see if the 
drift is to be neglected The steps leading to this 
value are as follows: The actual drift in );=10 v 
is 100 wv/hr (fig. 9 From figure 7 a voltage 
Vee Of about 550 wy corresponds to a V of 20 my. 
The permissible error in this value of Vx for a 
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0.1 percent error in V is close to 0.2 percent 
about 1.1 py The time allowed for a drift « 
not more than 1.1 uv is therefore about 40 
Experimental observations indicate that com: 
storage batteries have a drift of 5 to 10 ti 
larger than the batteries used in our case. | 
addition they are considerably less stable. TI 
rate of voltage drop with time varied about 
to 1 over a short time of observation It wo 
thus be necessary to measure Vp. for a V of 20 
in a fraction of a second. The importance | 


using low-discharge batteries of high stability 


low internal resistance for very low voltage meas- 


urements is therefore apparent 

Summarizing the errors affecting the low lim 
of V, it is seen that a conservative estimate of th 
total possible error for all values down to 20 m 
caused by the determination of a, R,, R,, J 


Vp, 


y 


V,. and by limited bridge sensitivity ar 
instability of Vy will not exceed 0.8 percent assum 
ing the individual 0.1 percent errors to be all pos! 
tive or all negative. It is shown in section [\ 
that errors contributed by incidental therma 
voltages, connecting-lead voltage-drops, and am 
bient temperature variations of +1° F. are neg! 
gible in comparison with others. An extensior 
of Vo below 20 my without sacrificing accuracy 
will require first further improvement of | 
stability and, second, the improvement of th 
accuracy of measuring Vz, and Vp, 


IV. Measuring Equipment and Results 


1. Description of Equipment 


‘ 


The complete arrangement of the two-therm 
tor bridge is shown in figures 10 and 11 Figure 
is a view of the experimental setup including 
vacuum-tube 
final working arrangement could no doubt 
consolidated to a great extent Figure 11 is 
combination schematic and block diagram 
which the designations of the components cor! 
spond with those of figure 10. The source of 
voltage consisting of a generator, filter, and match 
ing networks is not shown in figure 10 

The major components of the equipment we 

(a) Resistance boxes comprising the legs 

and FP, of the bridge. 

(b) Resistance boxes and a helical type sing 

wire adjustable resistance comprising tl 
resistance FR in series with the batter 
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voltmeter under calibration. A 

















Mer " 


UNBALANCE 
METERS 


M, AND Me 


10. Radio-f equene 


\" used te 


vary the voltage applied to 


the brio Voltage drops Vp and Vee 


used in eq 1, 2, 3, and 4) are measured 
across this resistance 
‘ [)-e potentiometer, associated resistors, 2? 


and 2? 


plug box used for conveniently connecting 


to increase its voltage range, a 


the potentiometer for measurement of 
Ve, Vi Vie, and of (V7 Va 


sirable, and a standard cell 


Ww hen de- 


d) An interlocked, r-f, d-c switch used to re- 
place instantaneously the r-f power fed 
to the bridge by its equivalent d-e power 
or vice versa Without upsetting the bridge 
balance 

the 

switch, mentioned in item 


‘ \ shorting relay controlled by inter- 
locked r-f, d-e 
d); this relay shorts the resistor 2 in 
series with the bridge battery, thereby 
the the 


increasing voltage applied to 
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the r-f remover 


while 


bridge powell s 
from the bridge 

f) The thermistor mount 

High-resistance d-c voltmeters to indicate 
the ratio of Ry, to Ry» 

h) Switch Sp, used to connect the battery 1’, to 
the bridge 

to connect a standby load 


Switch sy used 


PR to the batt ry 1) in place of the bridge 


This load was necessary to prevent a 
slight increase in batterv voltage when 
standing idle for several hours. On 
connecting a load to an idle batt ry the 
rate at which the terminal voltage de 


creases is relatively high during the im- 
tial discharging period 

The operational procedure was briefly as follows 

10 and 11, with no voltage 


R, and both R 


set to predetermined values that would approx- 


Referring to figures 


applied to the bridge, arms were 
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imately balance the bridge at the specific d-<« Cross sections of the thermistor mount are show! 


applied With the shorting relay 


voltac to be 
closed the interlos ked r-i d-c switch inh 
B (fig. 11 


reduced 


position 
and the sensitiv ity of the galvanometet! 
Both R 


until a 


switch S) was closed arms 


simultaneously rough 


After 


nometer sensitivity by reducing R,, further adjust- 


were adjusted 


balance was obtained increasing galva- 


ments in #2, were made until a satisfactory balance 


resulted. R-f was then applied in small increments 


after closing the coaxial switch and equilibrium 


restored by increasing the value of R. Several 


operations ol the rite rlo« k switch Were necessary 


intil a desirable balance was observed In call 


brating a vacuum-tube voltmeter, the amount of 
r-f applied depended upon the meter deflection 
Th 


brichore to 


removed 
then 


desired amount of d- voltage 


from the restore balance was 


measured by the potentiometer 
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figures 12 and 
fig. 12 


to permit: means 


are remo 


voltmeters undet 


line drawing In t 


enlargement of the gap in which the thermistors 





J 


i) The plate 


vable, as is illustrated in figure 14 


A, and the pin, J 


of connecting various probes 
calibration to the mount Tl 


he lower corner of figure 14 Is at 
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| RE 13 ( ti nt mount 
} } {} t} to ned the prorin 
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mounted, whereas the part 1 


mner (fig. 14) shows the othe 





n the upper right 


side of the core 


ss mbly The remainder of the mount consists 
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oft an assembly of the mica blocking condensers C 
and C” shown in figures 5 and 11.) One thermistor 
is connected to parts 12 and O-M (fig. 12); the 
other to ) and C-F Parts B, Fy and Gand B, AT, 
and G, figure 12, comprise the condensers C and C’ 
of about 0.01 uf each At low frequencies where 
the reactance of C and CC’ becomes appreciable, 
additional external capactance Was added in 
parallel with them 

The r-f admittance of the thermistor bridge was 
measured in the VHF range employing a slotted 
coaxial transmission line. The input conductance 
was found to equal the d-c value of the two therm- 
istors in parallel within the limits of accuracy of the 
measuring equipment 

Figure 15 illustrates the effect the large metal 
mass of the mount had on the thermistor character- 


istics. The broken line curve is a_ typical 








Figure 15 Thermistor characterist 


characteristic of the thermistor, unmounted, at 
5° C. whereas the solid curve is that obtained 
with the thermistors in the mount The difference 
was due to the large heat dissipation of the metal 
plates to which the thermistors were connected 
The decrease In sensitiy 1t\ that resulted Was more 
than compensated for by a saving of about SO 
percent of the time required to obtain thermal 
equilibrium of the thermistors during initial 
balance adjustments 

It was found experime ntally that @ increased as 
the r-f voltage level was increased (a= 1 Figure 
16 shows Py, and Ry» at different values of V' for 
an appreciably mismatched pair of thermistors 
This effect was found to be independent ol tre 
queney. As was previously explained, individual 
pairs of thermistors were chosen having charac- 


teristics sufficiently similar to eliminate large 
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values of a@ requiring high-precision d-c voltmeters, 


as well as large ratios of M/A), where a is the ratio 


of the two thermistor resistances without r-f 


applied to the bridge, and @® 1s the ratio with r-f 
applied. For a, a, of 2.0, an error in V of 4 per- 
cent resulted. Two precautions were necessary 
in connection with the use of these voltmeters for 
measuring a. The first was that the d-c¢ resistance 
of these instruments be 


Ry, and R, 


error in. the thermistor 


large compared with 
so as not to introduce an appreciable 
resistance values. The 
second was that there be a constant low-resistance 
d-e path through the r-f source if the d-c instru- 


and Pr. 


ments were to measure the drop across P, 





The voltage V; Was controlled by Varving the 
resistance FP (fig. 11) in series with the bridge 
fig. 10 The greatest diffi ulty occurred at low 


values of V, where the resistance R was of the 


order of 1 ohm or less \s shown in figure 11, a 
low-resistance slide-wire in parallel with a resist- 
ance box of high value was used, the box serving 
as a vernier on the shide-wir 
The shorting relay (fig. 11) is a special relay 
with mirror-smooth silver plated contact surfaces 
Such construction was necessary to insure a low, 
constant voltage drop when the relay was closed: 
otherwise measurement of Vp, would have been 
necessary each time the relay was operated. The 
value of V;, 
tions (PR 


lor typi al 


200 ohms: 2? 


to bye nbout oy u 


bridge-operating condi- 
300 ohms) was found 
and remained stable to within 
the measuring accuracy of the potentiometer used 

The voltages V5, Vie, and Vr 


by the d-e potentiometer, 7, in terms of the 


were measured 


standard cell (fig. 11) at points x, y, and z. To 
reduce the resistance of leads. wherever advisable, 
wide low-resistance were 


straps emploved for 
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interconnecting the resistance arms of the brid 
The average resistance contributed to any arm 
the leads was no more than 0.005 ohm, which wa 
negligible compared with 200 to 300 ohms. W 
the present setup, it was found that the inte: 
resistance of the battery and the resistance of 
leads used to connect the battery to the bri 
totaled less than 0.05 ohm and justified the as 
sumption of negligible voltage regulation for t 
loads used. 

The equipment was installed in an air-con 
tioned room with the temperature controlled 
within 1 deg C. This precaution served the dua 
purpose of, first, eliminating the effect of ambi 
temperature variations on the thermistors, a 
second, reducing Variations of V" and thern 
voltages within the circuit. To reduce further t! 
effect of thermal emf's, every effort was made 


remove contacts of dissimilar metals 


2. Agreement With Other Methods 


\ oltage measurements by independ nt metho 


including the use of a single-thermistor brid 


were used as un hee k on the two-thermistor bridg 
The results obtained are presented in table 1 


) 


The principles involved in methods 1 and 2 of 


table 1 are indicated by their titles in the tab 
and have been deseribed in’ previous Literatu 
see footnote 1). The agreement between tl 


two-thermistor and the single-thermistor brid 


PaBie |. 
Method 2% | Frequency range | i, 
- 
i 
) wk ae 1 ( 
" 
Mea wk M 
ré t ugha 
know tance 
Pra M Hor M 
volt | t 
~ the wik ON > 
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verified to 30 Ma The difficulties encountered 
h the single-thermistor bridge for frequencies 
ve 30° Me were previously pointed out in 


tion IT] 
(a) Transmission-Line-Voltage-Distribution Method 


The third listed independent method is based 
m the interrelation between the r-f power prop- 
ited along a transmission line (having a known 
iracteristic impedance and negligible attenua- 
n) and the voltage distribution along this line. 
\ slotted transmission line is used, and the voltage 
tios at any two given points are accurately 
termined by moving a probe along the slot. 
fhe conventional way to determine the ratios is 
her by using a standard attenuator or a cali- 
ited) probe-output detector. A more direct, 
| therefore a more accurate, Way is to determine 
hese voltage ratios from measurements of line 
stances translated in turn by computation into 
tivalent electrical lengths. Thus absolute values 
voltages at a given point along the line may be 
mputed from: (a) the characteristic impedance 
f the line, (b) power, determined by d-c measure- 
ents, and (c) distances measured along the line 
The interfering factor in this otherwise potentially 
vhly accurate method is the nonavailability of 
itted transmission lines with sufficiently uni- 
miy distributed constants. The frequency range 


imited at the low end by the physical length of 


line 





RE 17. Thermistor mount connected to a slotted trans- 
or ne fo meas ement of agreement hetween two 

leper lent methods oft oltage measurements and for 
lard mpeda t nents 
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For purposes of comparison with the bridge 


measurements, the thermistor mount was con- 
nected to a slotted transmission line as illustrated 
in figure 17. A line extension designed for use 
with the line was so connected to the mount that 
the uniform line was carried to within 0.003 in. 
of the core of the mount. Therefore the voltage 
at the end of the line was essentially the same as 
that at the thermistors. 

The measurement procedure was as follows: 

(1) The thermistor mount, having been in- 
ternally shorted where the thermistors connect, 
was placed directly at the end of the slotted 
transmission line, and the position \ 2 from the 
load determined (step A, fig. 18 

(2) With the short removed, the thermistor 
bridge was used as an r-f load and power meter 
The voltage standing-wave ratio (Vinx! Vinw=p 
the voltage ratio (V4 Vinas= A), and the power 
delivered to the load, were measured (steps B 
and C’, fig. 18 

The magnitude of the standard voltage, V7, was 
calculated from eq 9. (See derivation in appendix 
V1 

V=K,(Z7,P erp)’, i) 


where A i fo the ratio of the voltage \ 2 
from the load to the maximum voltage in the line 
/,-=characteristic impedance of the line 
p=ratlo of maximum to minimum voltage in 
the line 
Pre=r-f power transmitted to the load= bridge 
d-e powel decrement 
The agreement between the two methods up to 
600 Me was 1 percent or better, whereas up to 
700 Me it was better than 2 percent fig. 19 
The transmission-line voltage-distribution meth- 
od was the only one used to verify the accuracy of 
the bridge at frequencies above 200 Me Because 
the transmission line used was known to have an 
insufficiently uniform distribution of constants, 
the bridge measurements were considered the 
more reliable of the two. One may apply the 


transmission-line method for direct calibration of 


voltmeters with some sacrifice in accuracy using 
an arrangement similar to that illustrated in 
figure 20. The probe of the voltmeter under 
calibration is connected at the end of the slotted 
line in place of the thermistor mount. In parallel 
with this probe and physically as close as possible 


to it. a cable is connected to feed the r-f powe! 
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from the line to any available accurate r-f power- 
measuring device In figure 20 the thermistor 


bridge is shown as such a device. The procedure 


and computations may be the same as described 


above OQne must correct for possible powel 


losses in the voltmeter probe if these are 


appre inble 
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3. Standardization of a V-T Voltmeter 


A calibration curve of a V-T voltmeter obtained 
with the bridge from 100 ke to 800 Me is shown 
m figure 21 The applied standard voltage re- 
quired to obtain a fixed deflec tion ol the voltmeter 
had to be increased in the range of 
about 50 to 400 Me as a result of the transit-time 


VT\ \l probe diode At higher 


standard voltage had to be de- 


frequency 


effect in) the 
frequencies the 
creased bee ause of thi natural resonance of the 
diode and input terminals of the probe 

In conclusion, we feel confident that standard 


voltages could be obtained with this two-thermis- 
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tor bridge at frequencies considerably above & \0 


Me with accuracies equal to those at the lov 


frequencies 








Figure 20 V7'V M—probe connected to the slotted tra 
mission ne fo alibration ising power and olte 
listribution technig 

. 
\ 
. 
Lie 

Fiaure 21 Calibration curve of a var amm-tuhe oltw 

obtained th ti / tq 


Appendix I. General Expression for Bo- 
lometer Bridge r-f Voltage 


d-c¢ power dissipated in the thermistors with nor-f appli 


See fig. 5 and definition of terms below eq 1 of text 
V2R 
Rr+R I 


d-c power dissipated in the thermistors with r-f apple 


where V,.— Vee and J V Ve 
Substituting for } and J ineq lO and 11 
Ry 2 
HW 5-k \ Ve 
R 
l 
MW Rra-k ' . 
if WW WW | 
r : l R 
oe 5, OO" 2 Rl 
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. iting for W, and W 


l 


RoR, VRrRUV e2— Ven) (2V0— Ve: 
7 Ly 


Ve 16) 
ako, where a l and remains constant for all 
s of applied r-f voltage It can be shown that eq 14 


this case 


- tuting In equatk eq 16 
Ry 
| V 2V \ V 17 
j R ites *@ hk h K ‘ 


Error in V When a=R,, Rr, 


I Appendix II. 
Is Neglected 


i 1 let 


R, 
lV; \ >| Ve \ A 
R R : 
J Ka’(l+a Is 
i V fora 1 be designated as (1 
| K 19 
A—Ra'(l+e 1—2a*(l+a 20 
| A 
ting values of aw from 1 to 2, the error i percent 


computed and is shown in figure 6 


Appendix III. Error in Measured V as a 
Result of Inaccuracy in Measuring a 


i eri of O.1 | V caused i i 
McCasuring a ecomes 
z(l+a 
0.00] 22 
l—a 
p ed hg t r sa 
arger values x iffere i ipy i 
I meq 1S, ap} | I] 
| Kaé(l a 23 
| l | 
x reas | i ‘ ‘ i 
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Voltages for r-f Standardization 


in eq 14 and solving for V 


culated value of the r-f voltage when a 1 for the econdi- 


tion where AV/V=10 


1 


| 1=10 24) 
Substituting for V and V,; in terms of @ 


a l a 


a Aa l a Aa 


l 10 25) 


Reducing to a common denominator and substituting 


( . +] ) 0 ana “* 
her d 1.002 26) 


Solving for y in terms of @¢ 


2a 1 OO2¢ \ (20 1. OORe 0.00S8e 
9 25 


Appendix IV. Accuracy of V asa func- 
tion of accuracy of R; and R, 


Ineq 1 let the factor in the square bracket A and 


a 1, ther 
} tA Ry(Rer+R 28) 


na 
ana 


AV=AR K((Rr+R Rr(Rr+R, 29) 
herefore 

‘Rr AV Rr+R 

: : 30) 


Similarly 


For the apparatus presently in use, (R R,) Ry, is approx 
mately 53, R,—200 ohms and R 300 olms 


Dropping the minus sign as of no significance errors will 
be added 
\R AR 7 \} : 
R R —- se 
Appendix V. Derivation of AJ)’, V». in 
terms of V 
l ol ¢ l 
\ K (2) \ \ \ \ 53 
re 
; R ; 
. 2(Rr+R se 
VsV=K \ 1 
| \I i 1 . 
. | ’ Kiv.—1 4) 
\V, | | 
V V KVR V; 
Figure 8 (solid line) is a } f ( ati 
\I 01° 
V ‘ 
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Appendix VI. Error in V Caused by 
Inaccuracy of Measuring V;, 


l | 
10 = 
20 LOA 25 10 
A 0.04 
| 2 10-°yv =20mv 


Appendix VII. Relation of the R F Load 
Voltage to the Power and VSWR in a 
Slotted Transmission Line 


1) 
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ratio of the voltage \ 2 from the load to the max 


voitage in the line 


Then 
Vi? 
P; —— oo? 
r= K 25 Zo 


V.=K;(ZePare 


The ratio V meas | ‘ Was determine 1 in two steps I 
when the line was loaded the probe on the line was lo« 
where the voltage was a maximum The probe ou 
D Was recorded Phe probe Was then moved 10o 
position corresponding to A/2 from the load, and 
probe output D, Was noted The line was then sh 
and the probe moved to where the voltage Was a max 
in the line 
sponding to the maximum indication, D,,, was reprod 


Ve desigt 


The r-f level was adjusted until a Vs max ¢ 


ates shorted _ line conditions Ther 
positions were found on the line that produced the 
cation D,, and the distance in centimeters betwee 


points (both on the same side of the maximun 


recorded This distance was called A The dist 


between a maximum and a minimum ¢ rresponde 
A 4 mw 2 radians Sinee the voltage distributior 
| short circuit was very nearly sinusoidal, D, 


cos 8, where @ was the angle in radians between Dy at 


But Sie =i/Ol@, whose I is the distance in cont 


The VSWR is determined in a similar mani 


eproducing the probe outputs corresponding 1 | 
v. at two positions, One of them at a voltage maxi! 
of the probe with the line shorted Phe distance bet 
hese two positions in electrical degrees is then the a 
COs f whic ual s ‘ ol 
itable for var $ anding-wave ra i ell 
g il] ana f vd f suring 
itios along a tra S prese iby W 
\ M \ 


Wasuincron, April 18, 1949 


Journal of Research 








ds 







S. Department of Commerce Research Paper RP2056 


tional Bureau of Standards Volume 44, January 1950 





Part of the Journal of Research of the National Bureau of Standards 





Influence of Temperature on the Adsorption of Water 
Vapor by Collagen and Leather ' 


By Joseph R. Kanagy 


lhe adsorption of water vapor by collagen, comme reial hide powder, and several leathers 
was determined at various relative humidities ranging from about 0 to 96 percent, at 28°, 
50 ind 7O° ¢ Determinations were also made on chestnut and quebracho tannins at 
28° Cat various relative humidities. The results indicate that at 50-percent relative humidity 
thu iriation of moisture content for 1 degree change in temperature is equivalent to that 
for | pereent change in relative humidity \ speciaily purified collagen has higher affinity 
iter than does hice powder, showing that the previous chemiuca treatment influences 
adsorpti The results obtained from the experiments o1 the tannins and the hide powder 
. that ta ng does not decrease water vapor adsorption at relative humidities below 
70 pere t 
from the results of the adsorption measurements, heats of adsorption were cal tlated by 
eans of the Clausius-Clapevron and Brunauer, Emmett, and Teller equations Phe leathers 


er heats of adsorption for low moisture regains than does collagen, indicating that 


they contain some groups that are more highly active toward water than those in collagen 
Free energy and entropy values for the adsorption at 50 C are giver rhe effect of high 
temperature on moisture adsorption is st idied by subjecting specimens to elevated tem- 
peratures and then determining the adsorption at a 6 Methods are given for estimating 
moisture content for conditions that have not been studied experimentally Phe change of 


vater adsorption with temperature can tx expressed by a simple relation involving the log 


f the percentage of water adsorbed ar ithe inverse of the absolute temperature 


I. Introduction The exact nature of the protein surfaces on 
which water is adsorbed is not known. Caleu- 


This is a continuation of the studies on the lated surface areas can. therefore. be considered 
sorption of morsture by collagen and different as having only comparative significance It is 
pes of leathers. In a previous report [1] * re- most probable that adsorption occurs only at cer- 
ts were presented on the adsorption of morsture tain active places on the protein. These active 
hide powder (commercial grade of collagen points consist of the polar groups —OH,—COOH, 
d various leathers at 100° F.) The Brunauer, CO-NH, and —NH,. The degree of accuracy 
Emmett, and Teller equation was applied to the with which the surfaces are estimated would then 
tn to obtain an estimate of the magnitude of depend upon the distribution of these groups. 
surfaces. The significance of these surface These groups differ among themselves in activity, 
initudes with regard to manufacturing proc- and their affinity for water would probably also a 
ses Was shown. modified by the group with which they are com- 
bined. Because there is a continuous gradation 

wens oh to . “ in affinity of the various groups for water, neither 
Wien of the Guat "i ' the A the adsorption isotherm nor its slope should have 
A D aiooadee-cemesnanpecey apett et discontinuities. A theory similar to this has been 


expressed by Pauling [2]. 
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Another approach to the study of protem sur- 
faces and to the general nature of the adsorption 
process is through the calculation of the energy 
values involved Ina study of the energy values, 
an estimation of the range of activities of the polar 
vroups Inmav be obtained Heats of adsorption for 
collagen have been determined by Bull [3] and 
by Dole and MeLaren [4] from calculations using 
Bull's data Frey and Moore [5] calculated the 
heats of adsorption of wate hy several amino 
aeids including glveine from adsorptive data 
These results are of considerable portance sinee 
they afford a con parison of a simpli compound 
with that of a bighly complicated protein system 
having a similas composition 

Several valuable contributions to the correla 
tion and interpretation of adsorption data have 
been made by John C. Whitwell and his associates 


SS} of the Fextile Foundation at Prineeton 


i, 7 
Universitv. This work was done principally with 
the data obtained by Wiegerink [©] on textile 
materials {mong these contributions is a method 
for predicting moisture relation data for other 
conditions when data for onlv a few conditions 
ure avatlabl 

\ study of adsorption is of particular interest to 


the leather industry since an adsorption process 


is involved ino tanning, dveing, and lubrication 
with sulfonated oils Another important process 
in leather making is drving \ determination 


ol the energy values nvolved in the tuke up ol 
mormture and of the amounts of moisture in the 
leather ner vurious conditions — of relative 


humidity and temperature should be valuable in 


developing proper ary l conditions \loust 


also has an effeet on the phivsical properties nel 
on the deterioration of leathe 

In this study a determination of the amounts of 
water adsorbed by collegen and different ivpes of 
leather at) variou relative humidities at = 2S 
0 und 70° © was mace Heats of adsorption 
surface areas, and other physical constants were 
calculated from the data bv the methods = of 
thermodvnamics and by some other methods that 
have been recommended by workers ino othet 
fields 


The effect of heating at elevated temperatures 


on the adsorption of water by collagen and dif 
ferent types of leather was also determined 
In these experiments thre sumples were heated for 


a definite period of time at an elevated tempera 
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ture, and then the adsorption 
mined, 


rat 28° C was det 


II. Materials 


The collagen used in this 
purified material lt was 
freshly flaved hide by the 1 
Cassel and  Kanagy 10} 
obtained with a less pure 


Hide Powder. This materi: 


mereilly and is used in the 
tannin analyses. Some of 
together with other constant 


of collagen, are compared i 


Papier | ly j8€8 0 , 


The leathers for which da 


report include sole. belting ‘ 


work was a speck 
prepared — from 
nethod deseribed 

Data were a 
collagen) known 
al Is prepared Co 
‘leather industry 
the analytical da 
s of these two ty 
1 table 1 


tv are given in ti 


‘hrome and chron 


retanned with vegetable. Sole and belting leat! 


ers are tanned entirely witl 
Chrome leather is tanned wit 
sulfate, and the chrome-reta 
duced by a combination tann: 


vegetable It is tanned first 


" vegetable taariniel 
h al basi chromu 
nned leather is pi 
ive of chromium at 


with a basie ehy 


mium sulfate. After this process is complet 


is retanned with vegetable tannins. The chemic 


analvses of the leathers used in this study a» 


viven in table 2 


Tarte 2 Chen ) / / 

KK 

j J 

i s 
\ 
‘ Cro Ls 
hy | ‘ i. { 
\\ s 
M ‘ 
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Ac 


samples are from the same lots as were 


na previous investigation [15]. It has been 
that the variation of the amounts of mois- 


idsorbed by these samples when equilibrated 


-percent relative humidity is within +0.1 
nt. The results given in this report were 
wd on approximately 5-¢ samples of the 
rs after they had been degreased with 
form, 


III. Method of Procedure 


wate! adsorption data were obtained by 
ng the samples ina cabinet in an atmosphers 
tained at various constant relative humidi- 
ising equipment similar to that deseribed in 
vious publication [1]. The relative humidity 


obtained by the use of a saturated salt solu- 
and the samples were held at each constant 
tion for sufficient time to reach equilibrium 


abinet was so constructed that the samples 


Pas . W lsorbed by collagen, hide po 


rption of Water Vapor by Collagen and Leather 


could be weighed without removal and while in 
equilibrium with the atmosphere 

The experiments were started with the samples 
held in an atmosphere maintained as closely to 
cero relative humidity as possible with phosphorus 
pentoxide. The relative humidity was then im- 


creased stepwise at intervals of about 10. pet 


cent. The samples were brought to equilibrium 
at each relative humidity. Eight to ten determi- 


nations of equilibrium adsorption were made over 


the range from zero to 100-percent relative 
humidity at constant temperature. The tem 
perature Was maintained constant within 0.5 


deg and the relative humidity maintained within 


0.5 percent The adsorption was assumed to 


be at equilibrium under any set of conditions when 
the change in the weight of the sample was not 


more than 0.001 g¢ for a 24-hr period 


The moisture adsorption ts based on the “dry 


weight of the material as determined by heating 


separate samples in an oven through which dry 











air was passed at 100° C for 18 hr. Separate 
samples were used for this determination because 
subjection to high temperatures is believed to in- 


fluence subsequent adsorption of moisture. Since 
the percentages of water adsorbed are based on 
the dry weights of the samples, the adsorption is 
expressed directly in grams per 100 g of the dry 
material. The results of the water adsorption 
measurements at different temperatures for colla- 
gen, commercial Hide Powder, vegetable-tanned 
belting leather, chrome-retanned upper leather, 
sole leather, and chrome-tanned leather are given 
in table 3. 


IV. Adsorption Isotherms 


In figure 1 are compared the adsorption iso- 
therms of purified collagen, commercial Hide 
Powder, and vegetable-tanned belting leather at 
28° C. These results show that the collagen has 
a greater affinity for moisture than does the Hide 
Powder. 

As shown in table 1, the chemical analyses of the 
two collagens differ considerably, and the differ- 
ence in the amide nitrogen content possibly 
accounts for a part of the difference in moisture 
adsorption. Moisture adsorption apparently is 
highly dependent upon the previous chemical 
treatments of the samples. The vegetable-tanned 
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Ficgure 2. Comparison of the adsorption of water vi 
chestnut tannin, . and quebracho tannin, 6. at 28 


belting leather shows equal affinity for water 
collagen at low relative humidities; howeve: 
the higher relative humidities, collagen sh 
much greater adsorption. 

The moisture adsorption isotherms for chron 
vegetable-tanned sole, and  chrome-retanr 
leather are similar to those shown in figur 
The amounts of moisture adsorbed by sole leat! 
and chrome-retanned leather are almost ident 
at low relative humidities. These amounts 
about equivalent to those for vegetable-tam 
belting leather. Chrome leather shows n 
adsorption than the other leathers, probab 
because it contains a greater percentage of h 
substance. At 96-percent relative humidity, s 
leather adsorbs approximately the same amo 
of water as collagen. Sole leather shows 
abrupt increase in adsorptive properties 
relative humidity of about 70 pereent beeaus 
the salts that it contains [1]. 

Adsorption isotherms for quebracho and ches 
nut tannin extracts are given in figure 2. 

These results indicate that these two tam 
differ somewhat in their reaction with wat 
Chestnut tannin shows more adsorption at relat 
humidities under 20 percent. Quebracho tani 
shows more adsorption than chestnut bet 
25- and 60-percent relative humiaity. Above | 
percent chestnut tannin again shows gr 
adsorption. Both tannins adsorb less than 
lagen or leather. The isotherms, however 
similar in shape to those of leather or collage 

In order to determine if the differences i 
amounts of moisture adsorbed by leather an 


hide substance were caused by the dilution « 
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{!e tannin, a calculation was made, based on oo T T 
‘reentages of hide substance and of tannin in og 
lag leather. The amount of adsorption attrib- | vi 
50 + + — 
table to the tannin was calculated on the basis 
/ fthe mean adsorption for quebracho and chestnut 
. . o | 
nnin (fig. 2), and that for the hide substance was © 46 | | = 
a sed on the results given for hide substance in ; 
, 50° 
ble 3. In figure 3, these caleulated values are ° 
mpared with the results obtained for belting g 30 t t —— 
o 
thier. oO 
~ = ° - a 
Up to about 75-percent relative humidity, the re 
a } 4 +——___ 
— bserved adsorption exceeds the calculated values, | 
hereas at higher relative humidities the calculated 
ilues exceed the observed values. | Pe all 
. os lt may be concluded from these results that Eze= 
nning with vegetable tannins does not decrease —T 
rw he attraction of the material for water at low J 


rey tive humidities It does, however, decrease - ev 40 60 80 100 
. * psy: RELATIVE HUMIDITY % 
adsorption at high relative humidities, prob- ' 


IGURI 1. Influence of te m perature on the adsorption of 


bly because the vegetable tannins prevent swell- 
water-vapor by collagen. 


These results indicate that one of the results 








Wor ae 
—_ tanning is the prevention of swelling. 40 ] 
or The effect of temperature on the adsorption of 
- 
sail iter by collagen and vegetable-tanned belting ‘ 28 
we ; e 5 30 
sal ither is shown in figures 4 and 5, respectively. = 
° oO 
ts \s the temperature Is increased, less moisture ts a - 
S 50 
a lsorbed at any given relative humidity by both ® | PA a | 
a : y ® & 20 
. aterials under the conditions studied. Isotherms D piss 
a 70° 
bobiggal each temperature are nearly parallel and have _— tert 
TT) . 7 x OP se a ‘ait 
Ch pproximately the same shape. Similar trends FE 10 to so 
yr. Sf vere shown by all the other materials on which - eae 
no terminations were made. 
= At 50-cent relative humidity, the change in a — me pe — ool 
oisture content per degree variation in tempera- RELATIVE HUMIDITY . % 
Se 4 T T a Fiat RE 5. Influence ol tem perature on the adsorption of 
water vapor by vegelable-tanned belting leather. 
ture is about equal to the change for a 1-percent 
nt variation in relative humidity. These results 
\ show the importance of temperature in the condi- 


tioning of leather to a uniform moisture content. 
Not only must the relative humidity be held 


nil . 
wee © =, | constant, but it is equally important to hold the 








re == temperature constant. On the basis of these re- 
sults, it may be observed that in a room main- 
, tained at the optimum constant temperature, 
x - -” which is about a 1-deg variation, the moisture con- 
. naenierdinanait by tent will vary about 0.15 percent. This em- 

RE 3 Comparison of the actual adso ption of wate : - . . ‘ 
eo tes eenialinteined tibiae tolls sth thet phasizes the futility of attempting to determine 
i ine: Min Ratio: Hei the ee alt iin Retina or maintain moisture values to a greater precision 

i tannin, @ , than 0.1 to 0.2 percent. 
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V. Surface Areas 


By application of the following equation devel- 
oped by Brunauer, Emmett, and Teller [16] 

P (’ 

ViP,—P) V 


1P 
CP,°V.C’ 


it is possible to make a calculation of the surface 
areas of the sample that is involved in the adsorp- 
tion It is realized that this equation was derived 
for adsorption on a simple surface under ideal 
conditions, but it is of interest to find out to what 
extent it might be applied to a more complicated 
surface, such as that of a protein 

The caleulationsare made by plotting? V(P,— P 


against PP, The straight line obtained from 
this plot will have a slope equal to (C—1)/V,,C and 
an intercept equal to 1/V,,C. From these two 


quantities, values fer V,, and C may be calculated 
\’,, is the volume of water vapor at 0° C and 760 
mm required to form a unimolecular layer and, © 
is a constant that is related to the heat of adsorp- 


tion. By multiplying V,, by 2.705, a value for 


the surface area of the sample is obtained when 


water is used as the adsorbate. The derivation 


s 





of this constant is given ina previous public: 

The constant used is based on the size ¢« 
water molecule at 0° C, whereas the measure! 
This do 


introduce any serious error since the size « 


are made at higher temperatures. 


water molecule, as determined from density \ 
does not change more than about 
the range 0° to 70° C. 
Values for V,,, ©, 
areas are given in table 4 


3 percent 
and the caleulated suri 
The results in 
less available surface as the 
Between 50 


temperature 
70° C the 


surface occurs 


creased. and vreat 


Th 


IC reas 


decrease in available 


crease in the available surface with 
temperature is not caused by any drastic irre 

ible change in the surfaces of the sample. T 
the fact that if 
measurements are repeated at 28° C 


is demonstrated by adso! 

on the s 
ples on which determinations have been mad 
we CR, 


determined initially at 28° C. 


the amounts adsorbed approach | 
Nor is it caus 
by an increase in the size of the water moleg 
with increase in temperature as estimated 
the decrease in density of water with increas 
temperature 


and tanning materials at different temperatures as dete 


Pemper r 
7 { { 
Surtace ( ' Surhice ( ' sur 
irea iT 
‘ 7) i 
70 124.2 40 ’ 
st) 24 om) 12 4 
a) s a7. 4 200 12 s 
io 11.1 ) ™) 1 N 
Pali) we 418 rae 1 ‘ a2 
2M) oo a0 a) 13.¢ s 


Pape 4 Surface areas and values of C for collagens, leather 
hy the applicat on of the BET equations 
wa? ( 
{ 

( ie ‘ wos 
Hide powder (commercia ‘ is TD 
Beltin eather i4 ” 
(Chrome leather i. 11 ‘ 
(‘hrome-retaned le athe l “1 
Sole le athe l 1 af 
Quebracho tannit 1S z. 
( tru ’ 11} yt 


The decrease in the calculated available surface 
as the temperature is increased may be explained 
by (1) inadequacy of the BET equation when 
applied to a complicated protein surface, (2) a 
reversible change in the surface, or (3) a combina- 
tion of both factors. Since the calculated surface 
areas depend upon the amount of gas adsorbed, 
it is obvious that they decrease with an increase 
The BET equation is therefore 
not rigorously applicable under these conditions, 


in temperature 
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and any surface area determinations are st! 
relative, and comparison should be limites 
surface areas calculated for a constant tem] 


ture. 
VI. Heats of Adsorption 


In order to obtain more fundamental info! 
tion on the nature of the adsorption of wat: 


collagen and leather, studies of the heat 


adsorpt ion were made. 
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RE} la ation of the pe centage of wate 
ollagen with the logarithm of the vaper pressure 
\ number of methods for studying heats of 


dsorption for the system 


water vapor — water vapor adsorbed, 


\ be applied 


The differential heat of adsorption may be 


ileulated by means of the Clausius-Clapeyron 


quation 
AH — R2.303 # ne F, 2 


TT 
here A// is the differential heat of adsorption, 
2 is the gas constant, and P, and P, are the vapor 
essures of water in equilibrium with the samples 
7, and 7, 


vapor pressures of 


the absolute temperatures 
ely P’ and PP, are the 


iter in equilibirum with the same amount of 


respec- 


sorbed water at the temperatures 7) and 7 
In making the caleulations, the log of the vapor 
ssure is plotted against the amount of water 
sorbed. Such a plot for collagen is shown in 
ire 6 
The differences between the log of the vapor 
two temperatures for constant 
ter adsorption are obtained from the graph 


| substituted into the equation given above. 


results obtained are the change in the heat 


tent involved in the process 
HO (g) @ H,O (adsorbed). 


| results for collagen, hide powder, and four 
ferent samples of leather are given in table 5 


Adsorption of Water Vapor by Collagen and Leather 


No data for heats of adsorption for less than 5 
percent of water are given since the adsorption of 
The 


curve showing the change of moisture adsorbed 


lower amounts of moisture was not studied 


with the log of the vapor pressure at 28°C was 
extrapolated to the 5-percent point 

Heats of adsorption may also be calculated from 
Emmett, and 


a relation derived by Brunauer, 


Teller [16] 


k,—k,=RT \In €, 3 


where (© is the constant calculated from eq 1 
Values for ¢ 


given in table 4. £ 


for each experimental material are 
is the heat of adsorption in 
the first laver, and /; is the heat of condensation. 
By the addition of the heat of condensation to the 
value obtained for 4, — F;, 
for the first laver is obtained 


the heat of adsorption 
This should be an 
approximate value of the heat of adsorption at 
low vapor pressures. The results of these caleu- 
lations are given in table 5 

It may be observed that these values are nearly 
constant for all three temperatures, with some of 
decrease as the 


the samples showing a. slight 


temperature = is increased These results consist 
of average values for the heats of adsorption over 
the partial pressure range 0 to 0.5 o1 for the 
adsorption of up to about 10 percent of water. 
These results indicate that the values obtained 
with the BET equations are lower than those 
obtained from the equation of Clausius-Clapevron 
A similar trend was noted by Dole and MeLaren 
4]. The differential heats of adsorption (heats 


of adsorption calculated from the Clausius- 
Clapevron equation) are highest for the lower 
amounts of moisture adsorbed but approach the 
heat of condensation as the amounts adsorbed 
increase. On the average, the differential heats 
of adsorption are lower in the temperature range 
50° to 70° C than in the range 28° to 50° C 

In figure 7 the differential heats of adsorption 
for collagen, chrome leather, and = vegetable- 
tanned belting leather are plotted against VV 
The results indicate that the heats of adsorption 
drop abruptly at a VV, value of about 1 and 
become constant at about 3. For less than one 
monomolecular laver the increase in the heat of 
adsorption is even more rapid with decreasing 
vegetable and 


amounts of water adsorbed for 


chrome-tanned leather Collagen shows the lowest 
heat of adsorption for low percentages of water 
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vapor adsorbed; whereas that for vegetable- 


tanned leather is highest, and that for chrome- 


tanned leather is intermediate. 
The differences between the heats of adsorption 


of water by collagen, chrome, and vegetable- 


tanned belting leather for less than unimolecular 
take-up may be explained on the basis of different 


electronegativities of the carboxyl ions and car- 


boxyl groups. Results of electrophoretic meas- 


urements [13] on these three materials indicate 


strongly groups for vegetable- 


most negative 
tanned leather, intermediate for chrome, and least 
strongly negative groups for collagen, which is 
precisely the order of decreasing heats of adsorp- 
tion for water for a content of less than a mono- 
molecular laver. The strongest negative charges 
the ionization of the 


‘RCOO-+H*. Water 


are assumed to arise from 
carboxyl group, RCOOH 
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combines strongly with the carboxyl ion by hydr 


gen bonding as follows 


RCOO H.O —» 


Unionized carboxyl groups also combine strons 
by hydrogen bonding to water. 

The high heats of adsorption for low pickups 
water may be explained by the assumption tl 
each molecule forms two hydroger bonds. Su 
the energy involved for each bond may be 
much as 6 to 8 K calories, the formation of 1 
bonds would bring the energy values into the rat 
The fact that the high val 


are obtained for only small amounts of adsorpt 


actually observed. 


indicates that there are very few protein groups 


that combine with water in this way. It is dou 


ful if either a single free amino or peptide gro 


Journal of Research 























groups. 














3 3 5 6 
V/Vm 
RE 7 Variation of the differential heats of adsorption 


the range 28° to 0° ¢ for collagen vegetable-tanned 


elting leather, X, and chrome leather, @, with V/Va. 
ken line, , indicates heat of condensation of water at 50° C 
s involved in this type of combination. How- 


er, there is a possibility of some cross linking 


between two such groups. 


The high heats of adsorption for the vegetable- 
nned leathers for low amounts of adsorption 
probably related to the carboxyl groups in 
tannin. Part of the water that combines with 
ese materials is undoubted] associated with 
se groups. 
Collagen contains both carboxyl and amino 
The amino group is known to be less 
tive in the formation of hydrogen bonds than 
carboxyl group. It is also probable that a 


tain amount of interaction exists between 


se two groups in the native protein and there- 
their reaction with water would not be highly 
rgetic. This explains why collagen has the 
est heat of adsorption for water of the three 


terials. A further explanation for the higher 


lsorption of Water Vapor by Collagen and Leather 


SHL2455 TD i 


heat of adsorption for the leathers follows from the 
the 
combined with the amino group of collagen, it 


preceding hypothesis. If tanning material 
would tend to release strongly ionized protein 
carboxyl groups and consequently to increase heat 
of adsorption. This reaction is similar to that 
which takes place when amino acids are neutral- 
ized by alkali in the presence of formaldehyde [17]. 

For V 
materials show 
the change in heat of adsorption with increasing 


Vin Values greater than one, the three 
similar behavior with respect to 
water adsorption. It would, of course, be expected 
that the heat of adsorption would decrease as the 
The might, 


however, be equally well explained by assuming 


number of layers increase. results 
that the part shown on the graph for less than one 
monolayer take-up was for adsorption on the strong 
surface groups as described above. Beginning at 


a V 


reach a common point, it may be assumed that the 


V,, value of one where the three materials 


more active groups take up additional water by 
dipole-dipole attraction with decreasing energy. 
At a V/V, value of about 2.5 the curves tend to 
flatten out and to become parallel with the line 
representing the heat of condensation for water. 
The distance from the heat of condensation line 
to that for chrome leather and collagen, respec- 
tively, might be related to the heat of swelling for 
these materials. However, it is most probable 
that the lines are approaching the heat of conden- 
sation asymptotically, as would be expected for 
the adsorption of an infinite number of layers of 


water. 

VII. Graphical Presentation of Water 
Adsorption Data 

The 


between the log of the moisture adsorbed and the 


plot given in figure 8 shows the relation 
inverse of the absolute temperature. It is pos- 
sible to estimate from this relation the amounts of 
moisture adsorbed at equilibrium at temperatures 
and relative humidities not studied experimentally 
A similar relation was shown to exist for textile 
materials by Wiegerink [9]. 

Another valuable method for the representation 
of moisture relation data has been applied by 
Whitwell Toner [6] to 
They adapted this method from a basic relation 
first used by Othmer [11] for representing the vapor 
The Clausius-Clapeyron 


and textile materials 


pressure of pure liquids. 
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betwee 1 


thy 


pure water and its vapor may be written as follows 


equation representing equilibrium 


Pr, MA ylt 
P — 


Where a thre Vapor pressure of water ane All 
is the heat of condensation For water Vapor 
ovel thre nasorplive matertal In question the 


equation may be written as follows 


P Sidt 
r RT? 


where PP is 
material 
These 


followin 


thie the 


ol 
heat 


vapor pressure 


A/T is the 


Iwo ¢ quations titin bye 


Wate! 
ol 


combine a to 


ove! 


une adsorption 


oive the 


retatvior 


' » a, » a 
log / VI log P+ ¢ 


\ plot ol log P against log P should vield il straight 
line if A/7 is proportional to A//, in the temperature 
ol 


range Interest Lines representing constant 


regains (constant moisture contents) over a range 


of temperatures and relative humidities are ob- 
tained in this way. The temperature dependence 


is expressed in terms of log P 
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In figure 9 the water adsorption relation 
collagen are plotted according to this method, 
in figure 10 a similar plot is shown for vegeta 
tanned belting leather 
the 


materials are accurately 


The graphs indicate t 
of th 


by 


water adsorption data for both 


represented eq 























C 0.5 C 5 2.0 
LO P 
Fiaurte 10 Kq ailibrium moisture content of veqgetat 
tanned belting leather plotted as a function of og ret 
og aw 
Numbers on curves indicate moisture contents in percent 
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‘'sS representing constant moisture contents are 
Lined The water reference line is obtained 
plotting the vapor pressure of water as a 
‘tion of P against 7? As the amount of 
er adsorbed increases, the lines approach 
c closely the water reference line It a be 
“i that the slopes of the lines change with 
easing amounts of adsorption. This indi- 
s changes in the heats of adsorption These 
s may be extrapolated as shown, and adsorp- 
i Values obtained for other conditions for which 
data were obtained 

The lines, when extended in the direction of 


easing log P?, approach intersection at a 


mmon point.” The position of this point is 
: imed yy Whitwell An) to be related to the 
lling characteristics of the material It may 


dily be seen that the lines given for leather 
mect ina common point ata lower value of 
P than those for collagen This can be demon- 
ited by observing the ratios of the distances 
tween two corresponding lines at P? values of 


0.5 and log Ry According to this hypothesis, 


) lagen, as expects ad. shows the creater amount ol 














elling 
4 
- 
° 
o 
e 
z 
5 
5 
a 
= 
z 
w 
QO 
0 ! 2 3 a 
V/ Ven 
RE 11 Change o ee energy AF @: entropy AS), 
@ «and heat of adsorption AH, rith V/V, for collagen 


Adsorption of Water Vapor by Collagen and Leather 


VIII. Colculation of Free Energy and 
Entropy 


From the free energy values for the system and 
the differential heats of adsorption calculated by 
the Clausius-Clapyron equation, it is possible to 


calculate the entropy change for the process 
HO (liquidjH,O (adsorbed), 


AF, for the system=RT In S 
sl is the difference between the differential 
heat of adsorption and the heat of liquefaction 
The entropy change AS, is then calculated from 


the equation 


Values ol AF s/l and AS lol collagen, hide 


powder, and four samples of leather at 50° C are 


given in table 6. In figure 11, the results of 
AF : All J and AS lol collagen ure plotted uvalnst 
V/V The M77, values show a rapid drop near 
the ordinate where Vo \ Is equal to | At the 
same pot the entropy AS . which Is always 


negative, becomes smalle: 

The results given in table 6 show much large: 
AS values for 5 percent water adsorption for thy 
leathers than for collagen and hide substances 
Between 5 and 10 percent adsorption NA for all 
the sample Ss except collagen Gecrenses 

The values of SS; and M77, for the adsorption of 
water bv collagen, given in table 5, are of the same 
order of magnitude as those given by Frey and 


Moore [5] for glycine, leucine, and diketopipera 


Zine The energy with which aun unhvdrolyzed 
protem binds water uppears therefore to tn 
similar ino magnitude to that of its) individual 


components 


IX. Effect of Preheating on Adsorptive 
Properties 


Since the results of the studies on the adsorption 
of water vapor at 50° and 7O°C indicated de- 
creasing BET surface areas with increasing 
temperature, experiments were mide to obtain 
more information on the effect of exposure at 
elevated temperatures on adsorption. Samples of 
chrome leather,chrome-retanned leather, vegetable- 
tanned belting leather, and collagen were heated in 
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TaBLe 6.—Heat af adsorption (A11\), free energy (AF), and had practically no effect on the adsorption. ° | 
entropy (45;) values at 50°C indicates that little deterioration occurs below } 


temperature Results for vegetable-tanned lea: \y 


























For 5-percent HO adsorption are given in figure 13. These results show <0; 
7 - om siderable decrease in adsorption, the decras 
Shi A 4 ° 
depending on the temperature of preheating. 
cals cals In figure 14 the water adsorbed by the he 
Hide powder , 160 1, 225 6.{ ae ? 
Taiienee on — sae samples at 14-percent relative humidity and 28° ( 
Sole leather wi 1, 250 8 is plotted against the temperature of preheatir 
Belting i, 400 1, 325 15.9 ver . . 
ee npn oo - The results indicate that the adsorptive capaci 
Chrome O60 1, 520 11.f of the leathers for moisture decreases more rapid 
For 10-percent H2O adsor tes 
Hide powder wit 40 1.4 ; 
Collagen 2 si) 72 é 50 + ae | ae | 
Sole leather 2. 560 180 6.4 
Belting 2. il rl ( 
Retan 2. 400 HOS ; o 
Chrome 2 660 735 6.0 2 40 4 —_ | 4 ith ¢ 
: revi 
For 15-percent HO adsorptior o oO 
oe 3 = $f 0 ( 
Hide powder 1, 160 20 2 ¢ by ithe 
Collagen wl 435 1.7 da 
a ‘ 
Sole leather (wil 250 2 a ty | hy 
Belting til 2m) 7 g = j — ae Eeiicendiiesenanecemnass bes 
Retan it ont) 0 = ae 
Chrome 1. 260 100 a7 } e° | ta 
x 12 
+ Ts iit 
For 20-percent H)O adsorpt 5 ape aa + + 
T< 
i te. a 
Hide powder 660 100 | 
Collagen iu Ral | L6 0 ' 
Sole leather PT) ! 1.9 ® 20 + 6C 80 
Belting | 110 4 RELATIVE HUMIDITY , ‘ 
Retan (wi) 12 2.9 
Chrome wit) O55 19 Ficure 12. Effect of preheating on moisture adsorption 
ollagen. 
For 25-percent H2O adsorption Temperature of heating: Not heated, X; 80° C, 100° C, @; 121 . 
140° ¢ a 
Hide powder wu) 120 07 
Collagen wil 105 2.4 
Sole a a ~ 40 . 
Belting (wil Th x4 
Retan Ont AG 2 
Chrome 1) 165 09 4 ms 
oS 30 t ui 
3 
> \ ra) 
air at 100°, 120°, and 140° C for 24 hr. Since it B oo 
: . ® 2 | | | 1 
was supposed that the collagen might be affected 8 J 
. Oo 
by a temperature lower than that required to < 
< ex 
affect the leathers, a sample of collagen was * 10 + 
_ ; = 
heated also at 80° C for 24 hr. Adsorption i 
measurements were made on the heated samples at 
28° C by the method described in section ITT. ° : . 
- ) 20 40 60 80 
The results of the adsorption measurements are RELATIVE HUMIDITY . Yo 
given in table 7, and typical sets of isotherms for : . me 
. ‘ ; Figure 13 Effect on preheat ng on moisture adsor pt ( 
the heated specimens of collagen are given in segetable-tanned belting leather 
figure 12. It may be noted that heating at 80° C remperature of heating: Not heated, ©; 100° C, @, 120 C, @; 140° « 
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TABLE 7 Water adsorbed at 28° C by collaa 
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n does that of collagen. It has been shown in 


vious work [14] that leathers decompose to 
off carbon dioxide and water more readily than 
s collagen. It may be that active groups in 


ither are removed in this way, thus accounting 


the fact that the leather adsorbs less moisture 


r heating It was shown in section IV that 


tanning of leather did not appear to change its 


linity for water vapor at low relative humidities 
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It is possible, however, that during heating, 
tanning materials may combine with certain 


groups in the collagen of the leather, thus resulting 
in the loss of the activity of these groups for water 
These two possibilities are suggested to explain the 


differences in behavior between leather and col- 


lagen The changes occurring im the collagen, as 
shown by water adsorption, are most pronounced 
between temperatures of 120° to 140° C 


In figure 15 the caleulated surface areas of the 


preheating are shown. It is 


four samples after 


interesting to note that the chrome-tanned leather 
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Effect of preheating on moisture adsorption by 


hy chrome 


Fiaure 16 


tanned leather 


Pemperature heat Not heated, X; 100° ¢ mw CC, @ we c.g 


shows no decrease in surface area even when heated 
at 140° C 


surface area 


whereas all others show a decrease in 

This is an indication of the greater 
stability of chrome-tanned leather over that of 
other leathers This vreater stability is also 
demonstrated by the higher shrinkage temperature 
of the former in water. The adsorption isotherms 
for heated chrome-tanned leather are shown in 
figure 16. It may be observed that in the relative 
humidity range 60 to SO percent, the curves for all 
the heated samples approach fairly closely to the 
unheated one By comparing this observation 


with that for the same range for collagen in 
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figure 12 and that for vegetable-tanned leath« 


figure 13, it is obvious that chrome-tanned lea 
behaves ina different way from these two samp) les 
Adsorption at relative humidities up to 20 
cent occurs on the more active surface groups 
The results with chrome-tanned leather indicat 
that these groups have been altered. Howeve 


the higher relative humidities, adsorptior 


believed to take place by multilaver formati 
between the polypeptide chains at the carb 


groups. The behavior of collagen in this regio: 


indicates collapse of the polypeptide chains o1 


fibrils resulting in a decrease in the numbx 
Chron 
tanned leather maintains a high activity towa 


lavers of water that mia be adsorbed 


water in this region, which shows that there | 
collapsing of the chains. This is an indication th: 
the chromic oxide combines in such a way a 

stabilize the polypeptide chains and thus maw 
tains the high activity of this type of leath: 


toward water vapor 


The heats of adsorption calculated from 
BET equations for the heated samples are gi 
in table 8 
tion are much lower after being subjected 


For all specimens the heats of adsory 
heating. These heats of adsorption are in contra 
with those obtained for the samples in the adso 
tion measurements at 50° and 70° C, where t! 
values remained high and nearly constant. Tl 
seems to indicate that the decrease in adsorpt 0 
of the preheated samples was caused by a decreas 
in the attraction of the active groups for wate: 

(except. for chrome-tanned  leathet 


decrease in the number of the active groups 


well as 


This may be due to the preferential destructior 


the more active sites 


for leathers heated at various te m peratures 
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Soil-Corrosion Studies, 1946: Ferrous Metals and Alloys 


By Irving A. Denison and Melvin Romanoff 


This report contains the results of measurements of corrosion made on a variety of 


and cast ferrous materials after exposure to different soil conditions for periods up 


to 14 vears. The steels ranged in composition from fractional percentages of nickel and 
chromium to the high concentrations typical of wholly austenitic steels. The soils ranged 
from well aerated soils deficient in soluble salts to poorly aerated soils containing high cor 

centrations of water-soluble materials The magnitude and progress of corrosion with 


respect to both weight loss and pitting are interpreted in relation to the properties of the 


soils at the test sites \ comparison is made of the corrosion of specimens of plain wrought 


materials and cast iron. 


I. Introduction that were summarized by K. H. Logan [1] 
’ This paper deals only with the tests of wrought 
In 1932 the Underground Corrosion Section of and cast ferrous materials. The results of the 
National Bureau of Standards undertook the tests of nonferrous materials will be presented ina 
vestigation of the behavior of a variety of subsequent paper. 


rous and nonferrous metals and alloys in soils 


presenting a wide range of environmental con- 17 Properties of the Soils at the Test Sites 
tions. The primary objective of the investiga- , P 


was to ascertain whether metals and alloys The test sites were selected to represent a wide 
were especially resistant to corrosion in the range of soil conditions, from slightly corrosive to 
mosphere and in natural waters were also re- highly corrosive. The considerable differences in 
ant to underground corrosion, at least in speci- the physical and chemical properties of the soils 
soil environments. It was anticipated that in at the test sites are evident from the data of 
course of the investigation the specific effects table 1. The resistivity ranges from 62 ohm-cm, 
corrosion resistance of various alloying ele- corresponding to a high concentration of soluble 
nts under different soil conditions might also salts, to 17,800 ohm-em, indicating practically no 
valuated. soluble material. The water-soluble material in 
Originally, a sufficient number of specimens soil 64, Docas clay, consists of sodium and potas 
buried at 14 test sites to provide for removal sium chlorides, whereas the soluble material in 
two specimens of each material after each of soil 60, Rifle peat, is composed entirely of sulfates 
periods of exposure. Accordingly, specimens of the alkalies and of the alkaline earth metals 
removed from each test site in 1934, 1937, The hydrogen-ion concentration of the soils ranges 

) 1941, and 1946 and returned to the labora- from pH 2.6 to pH 9.4. Measurements of pH 
for measurement of weight loss and maxi- and total acidity were made in the laboratory on 
m depth of pits At the time of removal of the samples of soil shipped from the test sites in 
imens in 1937, 1939, and 1941, additional sealed containers. This precaution was taken 
of specimens of some of these classes of because results of a previous study showed that 
erials were buried at the test sites and were aeration of certain poorly aerated soils produced 
ioved in 1946. Results of exposures of 14, 9, marked increases in acidity because of oxidation 


5 vr are, therefore, available for these mate- of sulfides to sulfates 2]. 
Corrosion data for the removals prior to i ; 


6 have been published in a series of reports 
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retentiveness of the soils for moisture is 
ited by the moisture equivalent, 1. e., the 
itv of water retained by a previously satu- 
soil against a centrifugal foree of 1,000 times 
orce of gravity. Values for motsture equiva- 
ange from 16.5 percent for soil 66, Mohave 
ravelly loam, to 57.8 percent for soil 58, muck 





BLE 2 Classification of soils according to type of 
environment 
S Ey 
Acadia clay Inorganic-reducing-ac 
Cecil clay loa Inorganic-oxidizing-ac 
Hagerstown loan 1d 
Lake Charl iy Inorganic-reducing-alkaline 
Muck Organic-reducing-acid 
Ca he ick I) 
K pea 1) 
I reat luc ‘ 
i Inorgar xid wid 
I i ir Orga re I i 
roca ’ I i ilkalin 
( I 4 x ilkal 
M " J) 
Cir 
M I i ilka 


Values for apparent specific gravity are pre- 


ted as an index of the relative porosity of the 


il Corrosion of Ferrous Maierials 


soils. Because the real specific gravities of the 
mineral portion of soils lie within a narrow range, 
the apparent specific gravity indicates the com- 
pactness and hence the relative porosity of soils 
that are primarily inorganic in nature 

On the basis of their properties the soils were 
classified according to type of environment. This 


classification is given in table 2. 
III. Description of the Materials 


The forms, dimensions, and compositions of the 
specimens are given in tables 3 and 4. Although 
the identifving letters shown in the table are the 
same for a few materials, the dates of burial of 
these specimens are different As comparisons will 
be made only between materials exposed for the 
same length of time, no confusion is likely to result 
from use of the same symbol for different samples 
Specimens of some of the materials were in the 
form of pipe, others of plate The ends of the 
pipe specimens were closed by caps which excluded 
moisture, thereby preventing corrosion of the 
interior. As an extra precaution against possible 
corrosion, the inner surfaces of the specimens were 
coated with heavy grease. The exposed area of 
each specimen was approximately 0.3 ft®. All of 
the materials were free of mill seale except as 


noted in table 3. 


49 








CARBO 


} 


iH 
H 


Journal of Research 











arch 





= = 
ot a c 
x + = ~ — 
~ = i 
Z Pi x 
> > | > ¢ x 
ma mm So 
L - 9s x 
4 = ; 
- £ 
° x 
— = 
< 
- a—t 
x = - : = 
rs J 
s - os: - 
"aed = aa. s 
3 = gS > 
. - r —- = 
- ‘ 
7a + = 
a - 
: ’ 
Kj & 2 — ~“ “west I 
“ 
= s x 


il Corrosion of Ferrous Materials 


51 








TABLE 4 Composition of the cast metals 
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IV. Results of Exposure Tests 


1. Effect of Composition 


the average of measurements made on two spe 


Except us noted in tables 5 and 6, the 


Thetis 
1) Low-Alloy Wrought Materials . 
J siniana posure periods at the different test sites did 
Prior to examination the specimens were cleaned differ by mere than 5 percent \ typical 
including ferrous, nonferrous. and 1 


cts by methods that have specimens 


free of corrosion produ 
cellaneous materials, is shown in figure Ll. The co 


been pore viously dese! baal ] The extent ol col 
the loss in weight after ex dition of various 
terials after exposure for 14 vears in three differ 


wrought and cast ferrous 1 


rosion Was measured by 
nna by thr depths ol the deepest pits 


Postire 
These data are recorded in tables 5 and 6, respee environments is shown in figure 2 
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In order to compare the over-all behavior of the 
materials and also to observe the effect of various 
alloy ing elements on corrosion, the data reported 
in tables 5 and 6 for each material at all of the 
test sites were averaged and shown graphically 
as weight loss and pit depth-time curves for the 
and for the 


fig. 3 


pipe specimens exposed 14 vr 
plate specimens exposed 9 yr (fig. 4 For com- 
parison with the low-alloy materials in the form 
of plates, data for two reference materials, exposed 
simultaneously with the low-alloy wrought mate- 
rials, are included in figure 4, namely, open-hearth 
iron A, and carbon steel S. Specimens of the 
latter material were in the form of pipe. 

Although the curves shown in figure 3 indicate 
differences in’ the corrosion of certain of the 
materials, it is impossible to state without statis- 


tical analvsis of the data whether certain of these 

















chance causes rather to inherent difference 
As the first 
in analyzing the data statistically, the progre 


corrodibility of the materials. 


weight loss and pitting of each material with | 


was expressed by means of equations of the fo 


Taking logarithms of both sides, this equa 
takes the form of the linear equation 


log y log a i log Z. 


Expressing the logarithm of the pit depth as 





P, the logarithm of the time as log 7, and 


y-intercept as log k, the following equation 


obtained: 
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Fiaure 3 Average loss in weight and maximum penetration-time curves of wrought pipe specimens in 13 soils 
A, Wr ‘ B, w ! ron, mechar ally pen hearth iron, 0.52-percent Cu, 0.15-percent M N, low carbon ste 
' ' ' 
teel, 2.47-per Ni, 1.01-per ( I ercent Cr 
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These equations, which were derived originally 
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Figure 4 1rerage loss in weight and marimum pe netration-time curves of vrought plate specimens i? 14 so 
», Open-hearth ir 15-percent Cu, 0.07-percent Mo; N, open-hearth iror t-percent Cu 13-percent Mo; §, plain carbon ste« A 
" Cu 2-percent Ni; B, steel, 1.96-percent Ni, 1.01-percent Cu; C, Cr-Si-Cu steel 2-percent Cr, 0.42-percent Cu; K 
i Cr percent Mo; H, steel, 5.76-percent Cr, 0.43-percent M 
similar substitutions, a linear equation ex- in the table, were calculated by the method of 
ssing the relation between weight loss W, and Ezekiel [5]. In order to determine whether the 
1 Was obtained various wrought materials corroded at significantly 


different rates from plain steel, the mean values of 
log W=log k,+u log T. (4 weight loss and pitting for each material at 14 vr 
were compared with the corresponding values for 
plain steel, taking into account the respective 


Logan, Ewing, and Denison [3] and by Martin standard errors. The standard errors of the 


to express, respectively, the progress with difference between the means for plain steel and 
e of the pitting and weight loss of wrought for each material with which it was compared 


rous metals in soils, were fitted to the data were calculated by the following equation to be 


wn in figure 3 by the method of least squares. found in standard texts on statistical methods [6]: 


e mean values of weight loss and pit depth given . 
2 Tp \ 7, o~ » 
table 7 were computed by eq 3 and 4, re- 2 
etively, for the period of 14 vr. Values for 0 0 ¢ 
standard error of these means, shown also VN,'N, 
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TABLE 7 (‘om parison of average corrosion alt ¢ 
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XY 
a \ 
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\ I is 
rT MI i 
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\ 
where 
standard deviation of first sample, 
standard deviation of second sample 
\ number of observations of first sample 
\ number ol obse rvations of second sampl 


? 
»y COotparing 


of the differ- 


between thr 


the standard erro 


with the difference two 


hieatis A ana \ 


difference is signifiean 


rice 
the probability that the observed 
reference 


can be found by 


to tables of probability corresponding to the num 
bet ofl difference exceeds the 
differ 


the standard 


obs rved 


times the 


standard error. For the present study, a 


between means of at least twice 
\ difference of this magnitude 


that the 


ene 
error Was selected 
corresponds to a probability of 21 to | 
observed difference is significant 
Onn the material J) 


pere ent of 


basis of this eriterton, only 


containing 2 percent of miekel and 1 


copper, can be considered definitely to be more 


resistant to welght loss and to pitting than thre 


However, there is some probability 


plain steel, NV 


that material 77. containing 5 percent. of chro- 
mium, ts slightly more resistant than plain steel 
with respect to welght loss, but less resistant to 
pitting The small differences shown by thr 


other materials as compared with plain steel are 
probably lo bye ns ribed to ¢ hance cCnuiuses 
The 


plat 


weight loss data shown in figure 4 for the 


specimens exposed fora maximum of 9 vi 


indicate that all of the materials except those con 
4 of chromium, namely 


and // 


beneficial effeet of chromium in higher 


or more 


taining pereent 
materials A, J), & 
The 


eoncentration is 


corrode al essentially 


alike 


indicated by thre lowe! nverage 


weight losses for the 5-percent chromium steel /) 
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The effect of molybdenum in reducing the 
sion of chromium steels is indicated by the eur 


ly and I] 


percent ol 


for materials both of which con 


approximately 0.5 molybdenun 


addition to 4.67 and 5.76 percent of chromi 
respectively 

The benefit conferred by chromium in redu 
weight loss apparently does not extend to m 
mum penetration, because the 5-percent chrom 
steel J) 


losses than the materials with smaller amounts 


which showed definitely lower we 
with 
effect 


molybdenum in reducing the depth of the deep 


chromium, showed no unprovement 


resp 
to pitting, On the other 
pits as well as weight loss is indicated by the f 
that the materials containing approximately 
percent of molybdenum, /, 7/7, and A, also sh 
penetrati 


values for maximum 


fact, the 


relatively low 
Asia 


deepest pits on material A, which contained o1 


matter ol average depth olf 


> percent of chromium was no greater than 


corresponding values for materials /¢ and 77, be 
of which contained from two to three times 
much chromium, 

Although the specifie effect of chromium on 
maximum penetration of the irons and steels un 
difficult to 


because most of the materials also contain mol 


consideration is) somewhat evalua 


denum there was no reason to predict th 


chromium in the range of 4 to 6 percent mig 


accelerate pitting, such as is indicated by the da 
figure 3 and in table 


for material 7? shown in 


In view of the possibility that chromium carbi« 
precipitated along grain boundaries might ha 


served as local centers of attack and so might ha 
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rated putccinnge, mare rophot wraphs of material 
e prepared for comparison with chromium 
normal 


that wert considered to show 


Ost pical examination of steel 7? (fig. 5 
s that the carbides are in lamellar form 
spheroidized By contrast, the carbides ot 
DP) are completely spheroidized and are com 
v dispersed throughout the matrix.  Beenuse 
of these steels contains molybdenum, the 
ur probably chromium carbides \s 
crostructure of material 72? is considered to 
it of a normal 4- to b-percent chromium 


the apparent accelerated pitting of this 


al cnannot at present be accounted for 
carbides of steel / (fig. 5) are localized 
d the grain boundaries. Because this steel 
ns an appreciable amount of molybdenum 
of the carbon was probably combined with 
remained = in 


denum, and the chromium 


min the ferrite. This may account for the 
V improved resistance of steel /o as compared 
eel 7). 


results of the tests of steels B and J), con- 


r2 percent of nickel and 1 percent of copper, 
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Material 77 is definitely superiot 


are ¢ vera thie tiog 


to plain steel with respect to weight loss and pitting 
fig. 3), whereas material #2, having the same 
nominal composition, shows no advantage from 
its content of nickel and coppel A probable 
eXplanation fol this difference in behavior is the 
acceleration of corrosion, from the presence of mill 
st ale On mate rial bh, which unlike DD hac hot been 
pickled 

(C‘ompartson ol thre averngve Corroston resistance 
of the different materials in all of the soils revests 
i thing eoncerning the behavior of these matertals 
In anv one os il or eavirohnment ( Msequ tty 
superior corrosion resistance of a material in any 
one environment might be obscured by inferior 
resistance in another. In order to compare the 
behavior of the materials under specific environ 
mental eonditions, the corrosion data for thr 
soils classified according to environment (table 2 
were calculated ona relative basis lor each period 
OL eXposure the standards of reference. carbon 


steel CNV) and open-hearth steel (1 being taken 


as LOO percent The averages for all periods aha 


for all soils in the same environmental froup are 


eiven in tables S and 9. 
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raBLe 8 Effect of composition on the corrosion of low-alloy iron and steel pipe specimens in 


different so environments marimum exposure 14 years 
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litions of 0.5 percent of copper and 0.15 
] it of molybdenum are seen from the data 
} ed in table 8 (material 7/7) and in table 9, 
} ials Oand NV, to have had no significant 
jufluence on the rate of corrosion. As a matter of 
st, it may be noted that the addition of 
1 r tends to increase slightly the loss in weight 
pf steels in sea water, but has little or no effect on 
¢{7]. The inconsistent behavior of materials 


| D, each containing 2 percent of nickel and 1 
nt of copper, has been previously commented 


\s Was prey ously noted, the effects of additions 
romium are difficult to evaluate because most 
these steels also contain molybdenum. All of 
weight than the 
The maximum 


steels lost less 
table 9 
etration is also less for all environments except 
This benefit of chromium 


chromium 
rence material 


organic-reducing 
specially marked in cinders. In general, the 


mum resistance to corrosion is shown by steel 
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i, containing slightly less than 5 percent of 
chromium and 0.5 percent of molybdenum 

The curves shown in figure 6 indicate that the 
advantage gained in reduction of pitting by the 
addition of small amounts of chromium may be 
lost if the amount added exceeds a certain optimum 
value. In fact, the pit depth curves for Acadia 
clay and Lake Charles clay in figure 6? indicate 
that 
show a slight acceleration of pitting over plain 
steel 
the pitting of steels in natural waters has pre- 
viously been noted; LaQue [7] cited the work of 


Speller on the corrosion of steels in river water, 


steels containing 18 percent of chromium 


The tendency for chromium to accelerate 


and on the basis of his own observations in sea 
that 


steels for the purpose of reducing weight losses in 


water, concluded addition of chromium to 


natural waiers should probably not exceed 3 


percent, because larger amounts may accelerate 
pitting. 


(b) High-Alloy Steels 


Corrosion data for the high-chromium and 
chromium-nickel steels, some exposed for 7 yr and 
some for 14 yr, are given in table 10; and the 
effects of composition on the corrosion of three 
steels in three soils are illustrated in figure 7 
It is unfortunate that complete information con- 
cerning the rolling and heat treatment of the 
various steels is not available, because these 
factors undoubtedly played a part in the corrosion 
of the materials. It is shown quite conclusively, 
however, that plain chromium steels are subject 
to severe pitting, and that 


18 percent of chromium and 8 percent of 


steels containing at 
least 
nickel are considerably more resistant than the 
straight chromium steels in these environments. 
Steels contaming larger amounts of chromium 
and nickel, with and without molybdenum, were 
wholly resistant to corrosion, but two of these 
steels were exposed for 7 yr only, as compared 
with 14 yr for the other materials. 

Because high-chromium-nickel steels are sus- 
where oxygen is excluded 


ceptible to pitting 


locally as, for example, by adherent deposits in 
sea water, the corrosion resistance shown by some 
of the steels in soils deficient in oxygen and high 
(soil 64) 


in chlorides is noteworthy. Docas clay 


lhe composition of the steel containing 18 fchromium Was not re led 













SOIL 64 SOIL 65 SOIL 66 








Ficure 7. Specimens of high-alloy steels ajter exposure for 14 yr. 


U, 12-percent-chromium steel; V, 18-percent-chromium steel; W, 18-percent-chromium, 9-percent-nickel steel. 
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of high-allioy steeis to a poor 


ng at surface, but no definite p 


ed holes because of corrosiot 


containing sod a” chloride Docas r 


Matimum penetra 


m caused by asphalt on the ends of the specimens 


is a very corrosive soil because of its low permea- 
bility to air and its high content of sodium chloride. 
The results of the field tests in this soil, given in 
table 11 for all periods, indicate the beneficial 
effect of nickel in promoting corrosion resistance 
of these steels. Steels containing chromium but 
less than 0.5 percent of nickel pitted deeply, per- 
forations occurring within 2 yrs; but steels con- 


taining more than 9 percent of nickel developed 


only shallow pits, which showed no tendency to 


increase with time 
(c) Cast Materials 


The weight losses and maximum depths of pits 
of cast iron after exposure are given in tables 12 


and 13, respectively. Following the procedure 
employed in studying the corrosion of the wrought 
specimens, the data for weight loss and pitting for 
each of the cast irons were averaged for all of the 
From the 


1932. 


soils for each period of exposure 


results for the pipe specimens buried in 


shown as weight loss and pit depth-time curves 
that 


in figure 8, it is evident weight loss and 
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maximum penetration for all materials w 
approximately the same for each period except | 
alloy £, 


the other materials. 


which corroded considerably less tha: 
The corrosion data show 
graphically in figure 9 for the series of nickel a 
1941 
indicate any significant improvement 


nickel-copper irons exposed in does nh 
from 


additions of these alloying elements 


(2) Effect of Environment 


Photographs of corroded specimens of unalloy 
steel pipe NV and of plain cast iron pipe G@ alt 
exposure for 14 vr in the various soils are shy 
Photographs 


in figures 10 and 11, respectively 


of open-hearth iron plates .1 exposed for 9 5 
at 15 test sites are shown in figure 12 
Typical corrosion-time curves for the wrou 

materials that behaved essentially like plain s' 
are shown in figure 13. Each point on these eu 
is the average weight loss or maximum penetra! 
of two specimens of each of the following mate! 
low carbon steel V, hand-puddled wrought 
A, mechanically puddled wrought iron B&B, 
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RES leerage loss we 


Values 


given for five periods of exposure except for 


er-molybdenum open-hearth iron /7/ 


soils in which the number of perforations 


ered the corrosion data meaningless. 


lt is evident from the corrosion-time curves 
n in figure 13. that the rate of corrosion 
respect to both weight loss and maximum 


tration varies from zero after a short period 


posure to a rate that is proportional to time 
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In general, it may be said that curves showing a 


marked diminution of the rate of corrosion with 


time (soils 53 and 55) are typical of corrosion in 
well aerated soils, whereas curves indicating a 
linear rate (soil 56) are typical of poorly aerated 


soils 

Within the limits of the accuracy of the data, 
the curves obtained by plotting the values for 
maximum penetration and weight loss against the 
of the 


equations, were employed in 


length exposure conformed to following 


which comparing 


the corrosion of the low -alloy irons and steels 
P={T*. 


and 


W =~’ I™ 


where P 
W 


{s will be recalled, these equations are linear on 


maximum pit depth at time T 
weight loss at time 7’. 
logarithmic coordinates, the constant *& (4’) being 


the 7-intercept and n (uv the slope The values of 
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Figure 12 Corrosion of ope n-hearth iron plates exposed Y yr at 15 test s 


See table 1 for identification and properties svils 
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these constants, « aleulated ace ording to the method 


of least squares, are recorded for the individual 


soils in table 14 The standard errors of the 


constants, calculated according to the method of 


Ezekiel [6] are included in the table. Values for 


the constants & and » for a much larger group of 


soils than those under consideration at present 


have been reported [3] 

Because the constants & and k’ represent, re- 
spectively, maximum penetration and weight loss 
at | vr., the values of these constants may be con- 
sidered to measure approximately the initial rate 
of corrosion and consequently the inherent corro- 
siveness of the soils. The relatively large values 
for the constant & for the group of six soils of fair 


to good aeration, No. 64, 66, 62, 65, 55, and 53 
table 14) are to be ascribed largely to the depolar- 
ization of the cathodic areas by the oxygen of the 
soil atmosphere. The low values of & for the re- 
maining poorly or very poorly aerated soils are a 
consequence of cathodi« polarization because of the 
deficiency of oxygen in these soils 

Comparison of the values for & and n shows that 
there is a good inverse correlation between these 
two constants, from which it follows that the higher 
the initial rate of pitting the more rapidly does the 
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rate of pitting decrease with time. A necess: 
corollary of this conclusion is that measureme 
of the initial rate of pitting of wrought ferrous 1 
terials in soils cannot be used for predicting « 
rosion over a long period unless the measurem« 
are accompanied by some expression for the chang 
in corrosion with time for the particular enviro 
mental conditions. 

A probable explanation for the inverse corré 
tion noted between the constants & and 7 Is as fi 
lows: In poorly aerated soils, characterized by lo. 
values for the constant /, ferrous ions, migrat 
and diffusing from the local anodes have a neg 
gible effect on the rate of corrosion, the rate bi 
determined entirely by the depolarization of hy 
drogen at the cathode. However, In soils t! 
contain oxygen in excess of that required for cat! 
odie depolarization, ferrous ions are oxidized a 
precipitated in close proximity to the local anod 
The tubercles formed in this manner prevent t 
further migration and diffusion of ferrous ions w 
consequent reduction in the rate of corrosion 
anodic polarization. The mechanism of tuber 
formation and its significance in soil corrosion hi: 


been considered in previous papers |S, 9] 
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Pape 14. Corrosion of wrought and cast materials at 14 years and 
penetration with duration of exposure * 
Soi Weight 
Aeratior 
ry iW 7 7 7 Py 
WROUGHT MATERIALS 
zft ft f fils 
‘ Docas cla k 9 0 S41 1.71 0.68 ] 
‘ Mohave " f 12 1.12 2s 09 
Cc} t loa (i l 4 0.89 ~” ON 108 
¥ juehar i Fa ’ " 1s a7 »” 4 ® 
i erstow a 1 j i 2 OR 2 10 a2 
( loa i 1.2 4 24 4 a ow 77 
‘ Rifle pea ‘ 6.2 2.61 1.78 73 33 4 
lida ! Very po ; 1 1. 58 0.64 wo 2» SI 
t ur ke Pox ; 0.8 1.12 14 ~~) O7 v2 
f Lake ¢ Very poor u 2.3 1.72 2 1.09 Os 
s Muck Poor 21.{ »* 1.85 1 0.92 ON 104 
’ Car k Very m i l 0.49 02 Ss! “2 ‘ 
Acadia : Poor a9 2 4 iT) ¥) oy 
( Ve I r 41 ' & 47 vt mt) On 
CAST MATERIALS 
; ‘ ‘ Fair a0 12 1.4 0.70 0.09 rT] 
s jueha i ’ | 53 1s 0 if ON 
‘ if : (rood w7 1.4 ¥. 91 24 ; 2 163 
é M ive f v Fa 0 7s 06S 12 t 224 
( ]l clay (i i 2.4 ( ; 1 11 22 SI 
ake I 1 2 17 “4 ss aL 
) Rifle pea do 0 5 14 4 ‘1 13 72 
Hagerstow! Good 2 0.4 2 82 1 OF 07 17 146 
‘ Muck Poo 20 24 O5 au " we 
Pida Very poor ‘ 2 ue I 70 "a a 
Lake ¢ i “) 6.8 12 1.0 17 If OY 
r i ‘ 1 0.1 89 14 67 
\ Pox Pol ed) ti 11.4 Ot iH) 16 
( Ve m 14.0 19.4 0 3 ” 
o Wk Y " I ne, T; and P=depth of the deepest pit at the time 
sy S ible 6 for data pit depth 
Although the permeability of the soil to air 


appears to be the major factor in determining the 
it should be noted that 
any property of the soil that tends to increase the 


value of the constant n, 


solubility of ferrous ions at the local anodes, such 
us high contents of chloride, sulfate, or hvdrogen 
ions, would also have the effect of increasing the 
magnitude of n and consequently the depths of 
the deepest pits 

The inverse correlation between the values of 
the constants for maximum penetration, * and 
n, is also to be noted between the constants for 


, 
oss, & 


and pitting follow 


weight and u, showing that weight loss 


the same general tendencies 


with respect to the soil environment 
The average values of the constants hk, k’, n, 
the that at 


and wu for cast materials corroded 
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approximately the same rates are also present 
in table 14. 


Maxin 


Mils 





um penetratior 


Mils 


constants of equations connecting we ight oss and max 


The materials represented are pla 


east iron G, and the low-alloy cast irons ( 


and J. 


In this table the same general tenden 


noted in the case of the wrought materials 


to be observed, but 


tions 


3. Comparison of Wrought and Cast Materials 


with 


more 


Because of dissimilarities in the dimension 


the wrought and cast ferrous specimens in 


previous field tests, no comparison could be mad 
of the relative corrodibility of the two classes 


materials 
the 
specimens 


tests, 


However, 
dimensions 


were 


of 


similar, 


the 
the 


so 


present 


cast 


that 


and 


comparis 


between the two materials are possible. 
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Lr 
} 
| 
nt 
ils 
ch Sc 


{ stically treated 


cast and wrought materials were compared 
¢ method previously described In connec- 
vith the comparison with plain steel of the 
14 


lifferences between the values of weight loss 


lloy wrought materials exposed VI 
itting for cast iron and steel at 14 vr recorded 
ble 14 for the different soils were calculated, 


he 


muted by 


standard errors of these differences were 


means of These data are 


in table 15. 
cause the differences between the mean values 


eq 6. 


eight loss of the cast and wrought materials 
the 
ctive standard errors of the differences, it ts 


with few exceptions, less than twice 


ssary to conclude that no generally signifi- 
difference between the weight losses of the 
materials can be detected. With respect to 
mum penetration, differences less than twice 


standard error of the difference were noted in 


of the nine soils for which the data could be 
In the remaining five soils, 
vreater depth of pits on the cast specimens 


ild be considered significant 


V. Summary 


This report contains the results of measurements 
of corrosion made on a variety of wrought and 
cast ferrous materials after exposure to different 
soil conditions for periods up to 14 yr. Steels 
containing small amounts of nickel and chromium 
showed increased resistance to soil corrosion, but 
the resulting improvement was small. However, 
certain wholly austenitic steels containing high 
percentages of chromium and nickel were com- 
In those soils in 


the 


pletely resistant to corrosion. 


which there was a significant difference in 


and wrought materials, cast 


at 


pitting of cast iron 


iron usually pitted somewhat higher rates 


High of 


generally in poorly aerated soils high in soluble 


sustained rates corrosion occurred 


salts or in acidity. In well aerated soils low in 
soluble salts, corrosion virtually ceased after a 
relatively short period because of the formation 
of layers of corrosion products close to the metal 


surface 


TABLE 15. ( omparison of wro ight and cast materials at 14 years 
Loss in weight (oz/ft Maximum pit depth 
Wrou Wroug!t 
. Cast m Is ie Cast mat Is 
mater ast material Differ. Standard materi ee Differ- Standard 
e 8 ence error ence error 
between of the between of the 
Stand Stand the differ Stand Stand the differ 
Mean ard Mean ard means ence Mear ard Mear ard means ence 
error error rror error 
\ 7 x 5 X,—X ? ~ y 5 \ 3: X¥,—X ’ <a 
l 9 2 29 6 a7 6. 12 
4.2 4 2.4 o 1&8 7 l 44 s s lt 4 12 24 
‘ 4 2 4 1.1 6 I s2 ¢ 146 t4 Is 
“ ( 2.3 rv 6.8 10.0 7.2 14 
"I 21 1.8 20 24 10 0 t 194 4 69 oF l tid 120 
U 4.1 4 0 1.2 0 l ¢ 2 67 l ! 22 
60 78 6.2 ° &0 0.8 10.1 1) 7 If 72 6s 16 70 140 
il ; oS 10.1 1.0 5 13 2 Ww s 110 7 Is 11 22 
62 t l 4 1.1 4 l 83 Ws 1 11 22 
t 1 2 1 ym} SI 11 12 4 1 a” 
64 0.9 ) ‘8.0 s 7.1 10.7 | 
t ] 10.7 1.4 2.4 1.8 Ss ’ lt 14 17 
ty l s.0 l 7.0 2 2 4 
67 4 i 14.0 19.0 14 2s 
able 1 vp " and properties of soil 
loa 
j x 
VMN 
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The field tests described in this paper were 1} L. M. Martin, NBS Soil Corrosion Conferenes I 
planned and installed, and until 1946 were con- acing - - 
: ay . , »| ordecal ze kel, ethods of correlation a 
ducted under the supervision of K. H. Logan. lie, ies wih Bien Bee Bae tak ef 
lhe measurements of corrosion were made chiefly (6) Herbert Arkin and Raymond R. Colton. Sta 

by Warren P. Dettmers, who assisted in other methods (Barnes and Noble, New York, N. Y.. 1 . 
capacities (7) Herbert J. French and Franeis L. LaQue, All 
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Transmission of Reverberant Sound Through 


Double Walls 


By Albert London 


The transmission of reverberant sound through a double wall, which 


consist ot two 


identical single walls coupled by an airspace, is investigated both theoretically and experi 


menta \ theorv is deve oped which gives good agreement with experiment. In order 
to compute the transmission loss of a double wall, it is necessary to know the impedance | # 
of the single wall Z., Was determined from experiments conducted on the single wall and 
me les the effeets of mass, dissipation, and flexural motion The treatment shows that it 
possible to get a large improvement in transmission loss for a double wall relative to a 
yg va inder reverberant-sound field conditions if the single wall is considered to have 
iss reactance In addition, the customary normal incidence theory is totally inade 

juate in explaining the behavior of a double wall in a reverberant-sound field 


For double walls having air coupling only, very shallow airspaces can produce appre- 


ciable increases in transmission loss over a single Wa An absorbent material, when inserted 


1 the airspace. produces large improvements only when the mass of the walls is relatively 


ight and has but little effect for heavv walls Honeveomb or other nonabsorbent cellular 
struetures having no cell walls in a direction normal to the wall faces do not result in an 
nerease in transmission loss Air-coupled walls having no solid sound-conducting paths 


between individual septa are extremely effective sound insulators as compared to conven- 
tional double-wall constructions The theory indicates that a large improvement in the trans- 


mission loss of a double wall can be obtained by using as components single walls with high 


nterna lissipation, 

I. Introduction perimental results obtained in RP1998, an ex- 

; pression for the wall impedance, Z,, for each 

In a previous papel the transmission ol re- material was determined. this expression contain- 

rberant sound through homogeneous single ing terms that include the effects of the mass, dis- 

lls was investigated theoretically and experi- sipation or resistance, and flexural motion of the 

ntally. The attenuation of an obliquely Incl- wall Tht, weles of 7. tc ssinall Sa tlen aaa aan 

nt plane sound wave upon transmission through thncey te comnts the tenneealeion teas tee 
ngle wall was computed, and using the custom- py 4 ot 


reverberant sound field statistics the attenu- 


on was integrated over all angles of incidence al 
hn tee acemnen iain te ele II. Transmission Through Double Walls 


hnique is employed in this paper in studying 1. Attenuation of an Obliquely Incident Wave 
transmission of sound through a double wall 
sisting of two identical single walls. The In figure 1, an oblique plane wave is incident 


terials comprising the double walls are the at an angle @ on the first partition. As a result 
1 as were used in the single walls, i. e., alumi there exist in the three airspaces formed by the 


n, plywood, and plasterboard From the ex- infinite double partition: an incident and re- 


flected wave in space (1); a standing wave in 
London, Trat reverberant sound through single walls, J . 
rch NBS 42, 605 (1949) RP1998 space (2), consisting of a wave moving to the right 
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: in 


x=0 x=d 


Figt Rt l Geometrical relation between incident and 


reflected wave in 
double 


space (1 standing wave in airspace of 


) 


wall, space and transmitted wave in space (3 


and one moving to the left; and a transmitted 


wave In space (3 It is desired to know the ratio 
of the transmitted pressure wave amplitude P, to 
the incident pressure wave amplitude P,, where 


the pressures in each airspace are given by eq 1. 


p= P eiet ikl cos #49 sin 
P eit cos 0+y sin @ r<0 

Pra= Pye hiss (1 
P_gist—ik(—2 cos O+y sin 6 O<r<d 

py Preise cos otysing §— pd 


where 
w= 29> frequency 


k—2x/X—w/e,d being the wavelength, ¢ the veloc- 


ity of sound in air. 


The four ratios P,/P,, P,/P,, P_/P;, and P,/P;, 
may be determined from the two boundary con- 
the the 
velocity at r=—0, d, and the two equations 


ditions, continuity of r-component of 


and 4 
of motion, one for each partition In deriving 
the equations of motion it Is only necessary to 
consider a small area of the panel upon which the 
the front has practically 


projection of wave 
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constant phase. The justification for suel 


assumption has been given previously in sec. jo; 


2 of RP1998, titled Basic Assumptions. 

The ratio rs P, will be computed for the s 
value of y, so that this coordinate will not ap 
in the calculation. Thus, the 
velocity is proportional to the pressure grad 


since pal 


there results from the continuity of the 2- 
ponent of particle velocity oe 2G 


Op, Op. 
or)... Cor) 


P,—P,=+P,—-—P 


(32) —(2) 


P r kd cos @ 


and at r=—d 


red 


P P +ikd cos @ 


Pa ikd cos 6 


If Pro and Peo are the pressures acting on the 


| 


left and right side, respectively, of the pane! 
F=O0, Pog, aNd Pyq the pressures acting on the | 
and right side of the panel at 
of motion for each panel are 


Pu P22 Lit: Oy i 
and 
P2a— Psa ZeNs 


where Z, is the mechanical impedance per 
the identical 
velocity of the wall in the z-direction. 


and 7 Is tl 
Furth 
more, since the wall velocity must be the samy 


area of two walls, 


the z-component of particle velocity of the air at 


the wall, there results 


‘ i (2) cos oop P.) tot thy sin @ f; 
, pw \ Or /z~o pec . : 

mw } (Ps) cos 9 p pit nts cen 040 Gwe - 
‘ pw Or Jz 4 pe ; 


Substituting eq 1 and 6 into 4 causes the latt 
equation to reduce to 
(P.-P.) P P Zi COS oop P.) P 
, : pc : ; 
and similarly eq 5 becomes 
} cos @ 


pc 


P 4 4 P« B 


where 
B—kd cos 6 
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d, the equations 





sucl 


On 


at 


arch 


i} 


YA cos @ 
5 . 


11) 
2pc 


solution of the four simultaneous equations 
8, and 9) results in the following expressions: 
P, 
,, 
iso 
P, 
a="p 
It is of interest to observe that eq 13 is precisely 
expression for the ratio of incident to trans- 
ed amplitude for a single wall given by eq 1.6 
KP 1998, inasmuch as the boundary conditions, 
the existence of an incident, reflected, and 
smitted wave, are the same as that for a 
le wall. 
Equation 12, which is of primary interest to this 
lopment, can be tested for agreement with 
solution, eq 13, for the attenuation of a single 
Thus, if d=0, 


wall 


the double wall becomes 
2Z,,. Of 


irse, this is strictly a mathematical experiment, 


tum 





single having an impedance 
ismuch as was shown in the previous paper (see 
wtnote 1), the resistive and reactive components 
{Z, are not twice as great when a single wall’s 


doubled. 


ihickness 18 


Setting d=0 in eq 12 
results in 
2Z,, cos 8 


2pc 


Mens 14-2y=21+ (14) 
ireement with eq 13. 

\lso, it is possible to compare eq 12 with the 
for 


he special case when the wave is incident normally, 


sults obtained by previous investigators ? 


, 6=0°, and the wall impedance, Z,, is a pure 
uss reactance only, given by eq 2.1 of RP1998 or 


tow iwm 9 


here m is the mass of the wall per unit 
from eq 12, if the 
tance only, it is readily shown that 


area. 


Vow, wall acts as a mass 


P|? 
| e | + 4a* cos* 6(cos B—a cos @sin B)’, 
Piz 
(15) 
re d= wm /2 pr 16) 
Schoch, Die physika t d technisc! it la rs 
n Bauwese 86 (CH Leipzig, i9 


Scund Transmission Through Double Walls 








Letting @6=0 


, reduces eq 16 to 


A 4 m-1+4a* (cos b—a sin 6)?, (17) 
where 
” ? ri 
b wd oad (18) 
c 


and eq 17 is identical with the expression given 
by Schoch *. 


From eq 15 all of the incident energy will be 
transmitted when 


(cos B—a cos @sin Bg 0), 19 
or when 

tan B=—1/(a cos @). (20) 
For cases where 8 is small (d<,A) tan 6 may be 
replaced by 8. 16, there 
expression for the frequency fs, for which a wave 
incident at angle @, will be perfectly transmitted 


Using eq results an 


in the case where each wall acts as a pure mass. 


. l 2pc~ \3 
Jo 27 cos a 7 ) , 


The value of fs for normal incidence is fo, the 


(21) 


characteristic frequency for the air-mass sandwich, 
i. @. 


).22\ 1 


b= a6 (sea) ey 


fo is the frequency for normally incident waves 
for which the mass reactance of the panel is 
exactly equal to the stiffness reactance of the air- 
space. It is also the lowest frequency for which 


fre- 


some angle of 


the attenuation of the panel is zero. At 
quencies above fo there will be 
incidence for which zero attenuation will oecur. 


Since in a reverberant sound field, energy is 
incident from all directions, the attenuation 


measured in a reverberant field will never reach 
zero. For frequencies above f, there will be some 
that will be totally 


sequently resulting in a diminution of the trans- 


waves transmitted, con- 


mission loss of the panel as compared to that 
predicted by the normal incidence theory 


Since l/a decreases with increasing frequency, 


at high enough frequencies eq 20 may be written 
tan B=0, 


B nw, 7 .. a a 


which results in 
d cos 6=nxX 2. 1 > & ee 23 


as the expression for the frequencies, or Wwave- 
lengths, at which higher-order minima occur 
Here too, for ft reverberant field, considerations 
similar to those discussed in connection with f 
apply 

Equation 12, which gives the attenuation, A, 
for a double wall may readily be compared with 
the attenuation, a, for a single wall given by eq 
1.6 of RP1998 or its identity eq 13 Since ¥ ts 


ordinarily much larger than unity, a=y, and 
A 2 a | aie 24 


The term containing a, multiplied by a factor 
1—«¢ *") which is never greater than 2 tn absolute 
value and which depends on the spacing between 
the two w alls, therefore, represents the chief differ 
ence in attenuation caused by a double wall rela 
tive to that of a single wall 

As shown in RP1998 the most general expression 


for the W all impedane ¢ is civen by 


2? 


Z T wm ( l 


Cos 


ma . 
fa sin* 6); 25 
or 


Ps cos 0 / 
R 1a cos a( ] f? sin’ @ ). 26 


2 pe c 


where R=r/pc, the resistance of the wall in ps 
units, and f,—the critical frequency above which 
flexural waves will appear in the wall. The 
parameters FR and f, for different materials were 
determined from the experimental observations 
made in RPI99S 


results in 


Substituting eq 26 into 12 


A= 14+-2RU—pr sin 2b 
R?— p*v*) sin 26 


where cos h hed and 


/ 
p af fe (I | 28 


For 1° there results 
A 1-+4[R(R+1 pre? | 
Psin bh IR R 
tpe sin 2bei R(R-+-1 pre}. 29 
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When R—0, 29 reduces to an equation an 
to 15 with a replaced by p, ie 
A j,9 = 14-4 p*e? (cos br— pr sin bi 
Utilizing 30, eq 29 may be rewritten as 
tRUR +1) 51 
2p?v"] sin? br — pr sin 2be 


A Al; 
[R R- ] 


or an equivalent form is 


A 1 A P 1h R t ] COs h p sin h 


[p ” R R +] 1] sin h, 


Inasmuch as the second member on the 
hand side of eq 352 Is always positive, it w 
seen that the attenuation of a double wall 
component of which has dissipation or resis 
is alw avs greater than for the case in which « 


component is dissipationless 


2. Average Attenuation of a Double Wal! in: 


Reverberant Sound Field 


In accordance with the reverberant sound { 
statistics discussed in section 3 of RP1998, 
is the ratio of the total energy transmitted by 
double wall to the total energy incident o1 
wall, we get from eq 3.1 of RP1I998 and eq 2 


where v—cos 6. 

The integral in eq 33, unfortunately, is hig 
intractable. It was not possible to evaluat 
other than by numerical integration. Thi 
been done for a number of different construct 
on which experimental results were obtaine: 
will be discussed in section Il, 3. Howeve 
the special case where it is assumed that 
single wall has a mass reactance only, the int 
has been computed § for un wide range of \ 
in a systematic manner. 
case we may set R—O and f/f.—0, when 


reduces to 15 and 33 assumes the following 


. 
- ) v di “ 
= ] +-4a° Cos br av sin bv) 
R . 
We are bt G. Blanct 11.8 he > l 
ul ( pu Laborator r carr th 
I 1 " bination of numerica egra ul aly 
T certain para evaluate tl 
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nha s convenient to introduce two nondimen- 


parameters into eq 34, namely, 


bpd 
’ ‘7 
a Mi 
. / 
A y ab; ob 
/ 


f, is defined by eq 22. Thus, w is the ratio 


«© mass of air in the airspace to the mass of 


wall, whereas .V is the ratio of the frequency 
he sound wave to the frequency for which a 

normally incident on a double W all POsSSCsSs- 
mass reactance only, will be perfectly trans 


ed In addition we let 


4 becomes 
"KX yi udu 


u ( COs wu 


lt is of interest to compare the transmission 
10 log l/ta computed from eq 38 with 
which one obtains for a single wall when it is 
imed that the wall has a mass reactance only. 
expression for the latter transmission loss is 
en by eq 3.2 of RP 1998. 


equivalent expression in terms of .Y and 4, i. e 


If we replace a’ by 


32 of RP 1998 rnhaty be written 


)-10 log 3, —10 log In 14 ~ )] 


~~ 


10 log ( 


In figure 2, the computed transmission loss for a 





vle and double wall, having mass reactanes 


wn Be Cx FA bw 


have been plotted for thre 
rent values of the parameter wv. It will be 
i that on this basis the predicted Improvement 
double wall over a single wall is small and 
hactl ay actually be hnevative This astonish 
behavior results from the fact that for a double 
there is some angle of incidence for which the 


pertect and in the integrated 


SInission Is 


of all angles of incidence, this minimum 
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xKet/# 
Ki RE 2 Compa n ’ } imemigsion 
) ngle I fothato ; ) ponding double 
na reverberant sound held her } onsidered to bea 
en ar 
> va n 


transmission loss swamps out the effect at other 
angles of incidence In the case where a resistive 
term is included in the impedance, there is no 
wave Is not 


angle for which the transmitted 


attenuated Henee, it is not sufficient to treat 
each component of the double wall as a pure mass 

With regard to figure 2, it is well to point out 
that the small maxima and minima indicated in 
the double wall curves are a result of the higher 
order minima, which are approximately given by 
eq 23 Values of the integral eq. oS) were com- 


puted for V=0.2, 0.5, 1.0, 2.0, 5.0, 10.0, 20.0, 


50.0. and 100.0 for u—0.1. 0.08, 0.06. 0.04. 0.01, 


0.006. 0.004. 0.002. and 0.001 This information 
has hot been reproduced here but is available 


upon request 


3. Comparison Between Experimental and 
Computed Results 


Figure 3 is a sehematic drawing showing the 
arrangement of the double wall in the sound trans- 
mitting opening. Each leaf of the double wall 
was made separately, a practical procedure inh 
asmuch as the conerete walls of the test chamber 
are isolated from each other by a 3-in. airspace 
except for the common foundation of the walls 
Thus, there are no solid sound conduc ting bridges 
between the two faces of the double wall noel 
cumstance that allows a close approximation to 
the conditions set down in the theory. The ex 


perimental method utilized in making the trans 


8! 





jj Y minimum is based on the assumption that the y 

has zero resistance. As a matter of fact, iy ¢ 

SIA, particular case, the value of R is such th 

oe noticeable minimum occurs in the rg integra! ¢ ; 
culations for critical values of ¢ or @ COrTeSPO! dine 7 

to eq 19. In particular, from eq 15, 19, and wi ys | 


_ SINGLE PANELS OF we see that |Al* for v or cos 6 satisfying | 


DOUBLE PARTITION hecom >: 
ec es 4 


| A!?,=1+4R(R+1) sin’ ( \ ak +R(R+-1 


SOUR : , . 
pom ~—o Since Aj,.yg=1, p=ali.e.f f.=0), and the er 


value of v, say v, is given by v2=(ab)~' from 

20. From eq 3.5 a/6=1/(2u) and for this wa : 
u 075, so that a/b—6.66 Since R=2.16, y yin 
get from eq 41 ¥ 
CONCRETE WALLS A\> =57.4 

OF TEST ROOMS 








Thus, the minimum value is much larger than With 
which is the value that would result if R ilues 
Furthermore, it will be noted that eq 41 predin obal 





this same minimum value of |A}? independent ‘peril 

Figtre? lrrangement of double wall in sound transmitting » . . 

‘ ng t ruble we l oun an i] frequency prov ided Ais such that eq 19 is satistir Weoe’s 
opening one - . Si R 

This same minimum will occur at frequenes hat tl 


. . e ’ " j r pre " ral ental 
mission loss measurements is that described as the above fo, thus tending to depress the natural | 


. . ‘re » 1 . a) vita r . a6 
usual method in NBS Research Paper RP1388.4 crease in ‘transmission loss resulting from im: 
law behavior. 


The next figure, figure 4, shows the results 





ye ible 

obtained on a double wall consisting of single walls a 
. — ‘ we 
of ‘4.-in. aluminum separated by a 3-in. airspace. . 
> . 4 yitole 

Here m=0.12 g/cm’, and the mass and thickness ” 

. —- obt 
of the single wall are such that the critical flexural 35 
feet 
frequency f,, is approximately 30,000 c/s. Thus, ee 
, yl , 30 wr do 
f/f.~0, and no flexural effects will be observed. “ 

y : . bd wr 
For reference purposes, the results obtained in the 22s 
single wall case are shown in the lower part of the $ .s 

S 20 
figure. = ace 
yom —— S is Ln te 
The best fit for the single wall case was obtained ra 
when R=2.16. The same value of R was used 2 10 sever 
° z j 
for the double wall calculations, which were carried g 30 
' E ' 
out by a numerical integration of eq 33. It will 25 
be noted that eq 335 as opposed to eq 5S predicts a 
a sizeable improvement in transmission loss of a " 
double wall over a single wall. 'S - 
According to eq 22 there should be a minimum 10 S 
» transmissi on emaee ot £.00976 cla. com 50 00 ~©=—- 200 500 1000 2000 5000 ‘ 
in the transmission loss curve al ho 279 ¢/s, cor ceMEEaNEY . 6/8 rc 
responding to the frequency for which the mass . - 
. , 7 > Figure 4 Comparison of computed and exrperin \ } 
reactance of the wall is exactly equal to the stiff- ; ' 
: . transmission losses o} 64a th, SINGLE and double alun | 
ness reactance of the airspace However, this walls. , 
7 " A, Double wall , computed; , experimental; d 
*A. London, J. Research N BS 36, 419 (194 R PISS, B, Single wall; omputed , experimental; R=2.16; m=0.12 
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5 ka pe imental transmission loss esults for a 

of double walls of -in plywood with airspace 
ying from * to 12%) 

broken line is experimental transmission loss for correspondir 

Air space’ @, %s in.; @ 1.5in n.: D, Gin jin; A 12 


With regard to the reliability of the computed 
ilues relative to the experimental values, it is 
obable that they agree within the accuracy of 
yperimental observations for frequencies below 
Wes. Above that frequency, it is to be noted 
hat the computed curve deviates from the experi- 
ntal curve in the same direction for both the 
In fact, 
tersect at about the same frequency for both the 
Thus, the discrepancy 


uuble and single walls these two curves 
uuble and single walls 
tween computed and experimental curves in the 
uible wall case is apparently due to the imperfect 
t obtained for single walls and, furthermore, the 
of this imperfect fit seems to be magnified 
double walls 
Figure 5 shows the experimental results obtained 
i series of 's-in. plywood walls in which the air- 
e was varied from *, to 12 in., together with 
le transmission loss obtained on the single wall. 
‘everal pertinent observations may be made con- 
ing the general nature of these experimental 
ts. First, it will be seen that even for the 
airspace there is a considerable range of fre- 
wies for which there is a significant improve- 
of the double wall over the single wall. 
Second, all of the curves have a minimum in the 
itv of 2,000 c/s 
KP1998, the minimum in the single wall 77Z, 


As was pointed out in 


h also occurs at this frequency, was due to a 
re wave having an f,=1,885 c/s. Conse- 
tly, the effect of flexure shows up in the 


Third, 


le wall case at the same frequency 


Scand Transmission Through Double Walls 


for large airspaces (6 to 12 in.) and for frequencies 
in the range from 400 to 1,000 ¢ 's the transmission 
loss of a double wall approaches a value that is 
twice that of the single wall, showing that the 
second wall is almost entirely decoupled from the 
single wall for this frequency range 

In attempting to compute the transmission loss 
of the double ply wood wails, we chose the ®,-, 3- 
and 12-in. airspace cases for detailed analysis As 
was pointed out earlier, any error in fit between 
computed and experimental results for the single 
walls would result in much larger errors in the 
double wall case. In figure 6 we reproduce the 
computed and experimental data for the single 
wall. Using R=8.3, 


that agrees well up to 1,500 e's but gives large 


results in a computed curv: 


than experimental values above this frequency 
However, if R=5 is used, the computed result will 
agree with the experimental at f=2,048 cs, but 
will still be too high at 4,096 c/s. R=1.8 at 
$096 ¢/s gives much better agreement, whereas 
R=1.0 is a perfect fit. 
P decreases with increasing frequency. 


These data indicate that 


The necessity for using an accurate value of R 
is illustrated best by figure 7. Here the trans- 
mission loss of the single and double 's-in. plywood 
wall has been computed as a function of F# for 
f=4,096 c/s. A variation of FP from 1.0 to 8.0 
causes a change in loss of 7 db for the single wall, 
whereas in the double wall case a 20-db change 
results. In facet, it would seem to be somewhat 
easier to determine ? from the double wall results 
than from the single wall measurements. The 
value of R—1.8 used for further computations at 
f=4,096 c/s was selected because it gave exact 
with experiment for a 3-in 


agreement airspace 
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Fictre 6 Effect of varying R on computed transmission 


loss fora -in plywood single wa 
Dotted broken line corresponds to experimental transmission loss 
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double wall. According to this treatment it should 
be possible to obtain significant improvement ina 
double wall by building into each of the single 
walls a layer of attenuating material, 

Figure 8 is a comparison between the computed 
and experimental transmission losses using R=8.3 
1,024 ¢/s, R=5.0 at 


1.096 © 's. 


for frequencies up to 


c/s, and R=L.S at 


? OAS 
The solid lines are 
drawn through the computed points, the dotted 
through the experimental ports It is believed 
that there is reasonably good agreement consid 
ering the complexity of the problem and, in par- 
ticular, the computations. For 
1,096 c's for the 


represents the results of 40 pages of calculations 


example, the 


point al f 12-in airspace case 


In figure 9, the integrand of the rg integral, eq 33 


Very 


sharp half wavelength maxima corresponding to 


for this point, ts plotted as a function of 7 


“un 4 and eovering a range of variation of seV- 


eral orders of magnitude are evident In addi- 
tion, there is a less sharp peak due to flexure If 
ohne compares the area under the peaks, one finds 


most of the area e@XiIsts in the neighborhood of the 


flexure angle thus showing the importance of this 
effect 
Figure 10 is another representation of the data 


shown in figure 9. Here, the rg integral, eq 33 


instead of being integrated from #=0 to v= 1.0, 


is integrated from a variable lower limit 7, to 


1.0 The quantitv 10 log (1 7’) so defined. 
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therefore gives the transmission loss that v 
result, if, for some reason or other, waves inc 
at angles greater than @, corresponding to ; 

Thus, for 0<r,<r,—2/b, 
first 


not transmitted 


ing incident waves are excluded, but 


angle, or 2 corresponding to the first mani 
hearest vrazing incidence, would be allowed 
until the fifth maxim 


pe 
This 3 


eont 


will be seen that not 


exceeded is there a change in loss 


cause the first five maxima do not 
anvthing to the integral, since they are so si 


When the 


there is a large jump in loss because there 


flexure angle is excluded, how 


large transmission of sound energy resulting 
this cause As we appro h more closely t« 
inh idence are 


stricted to the neighborhood of norma! 


conditions where the angles of 
ineide 
the transmission loss increases creatly 

At the lower frequencies fewer angles at w 
maximum transmission occurs are observed 
the lowest 


frequencies none may 


oceul ni 
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Com par son belween computed and exrperin 


esults for \4-in plywood double walls. 
Solid ‘ mputed; broken dotted line, experimental. In the ¢ 
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k In ad i ary iX ( att) 
resp y irt t flexural w ‘ 
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‘shown in figure 11, which is a graph similat 


ie 10, but indicates the value of the 7’ 
al plotted in decibels for other frequencies 


same 12-in. aurspace double wall 


4. Additional Experimental Results 


this section we consider some additional 


mental results obtained on double walls, for 
however, no analytical computations were 


d Transmission Through Double Walls 


carried out, principally because of the tedious 
nature of such calculations. 

Figures 12, 13, and 14 show the experimental 
results obtained on double walls consisting of 
l-, and 2-in. plasterboard single walls. Fo 
comparison purposes the experimental and com- 
puted results obtained on the corresponding single 
In the '-in, 


plasterboard case it will be seen that the double 


walls are also shown on the figures 


wall experiments tend to confirm the selection of 
f.=4,096 ¢/s as preferable to f.—2,048 e's. The 
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higtre 12 Experimental transmission loss results on a 
single and double ! ot n plasterboard 
4. Double w t hi gle wall , Oxperir 
t IR ) 


double wall 71 drops off at 4,096 ¢/s in a fashion 
that l-in 
71 measurements the single wall mini- 


similar to of the single wall. In the 
and 2-in 
mum occurring in the neighborhood of the critical 
flexural frequency did not appear in the double wall 
table 1 


average 77. for the nine frequencies in the range 


case It is of interest to compare the 


of 128 to 4,096 c/s with that of ordinary plaster 


and stud walls.® 
It will be seen from the data in table 1, 
sound-conducting bridges 


no mechanical ties or 


exist between the two components of a double 
TABLE | 
Average . 
| rl Wi 
d’ 
pia t j ‘ 5.2 ‘ 
pla | il ‘ s 
plasterboard } . ) 
' . . } » by 4 
ud 
s psum | t by 4 
taggered w is, 4 pace i@s is 
double w ‘ ‘ iy te 
It ‘ rkpuul 
Airspace i 
For data of tl kind Materials and Structure Report 
BMSI17 and two supplements, Sound insulation of wall and floor constru 
tions, available from the Superintendent of Documents, Government Pr 
ng Office, Washington 25, D. ¢ t a total cost of 35¢; also Technical Rey 
n Building Material rRBM-—4, Fire r tance and ymund-insulatio 
ratings for walls, partitions, and floors, free upon request at Nat il Burea 
of Standards, Washingtor 1. ( 
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that if 


wall, large transmission losses resul 


with relatively light weight walls 


very 
Thus, a 
loss may be obtained for a weight of o1 


lb/ft The 


coupling between each component exists 


situation rapidly worsens if s 


paring the last four entries in the table it 
seen that all have approximately the same \ 
however, 


The 2-in. air-coupled wall is so 


db better than the stud-coupled wall; some 


better when the studs are staggered s 


top and | 


coupling exists only due to a 
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So 


aps Dat » which the staggered studs are attached 
~ ve 5 db better when coupling is only due 
f k base. 
. question often arises as to the effect of 
it i an absorbent in the airspace. Accord- 
ey ’ some measurements were taken with a 
an hick fiberglas blanket having a density of 
ne 1.0 Ib ft? inserted in the airspace. Table 
= the average improvement in transmission 
: the frequency range of 128 to 4096 ¢ s 
he untreated airspace double wall. 
ob-7 Panie 2 
+ 
| “he 
| 
TI In the previous paper (see footnote 1), the effect 
placing this same fiberglas blanket in front of 
| nh juxtaposition to a single wall was discussed 
— walls were l-, and 2-in. plasterboard single 
Lt In this case the average TL improvement 
: the frequency range of 128 to 4,096 ¢/s was 8.2 
ind Was approximately the same for all three 
Thus, for the double wall having the light- 
yt weight the improvement using the absorbent 
qual to or better than that obtained for the 
wall. On the other hand, for the heavier 
le walls, a relatively small effect is observed 
" fact has been observed many times in more 
entional construction using wood — studs, 
ered, or otherwise For light-weight con- 
tion significant increases ino the 7. sare 
red, Whereas for heavy-weight constructions 
minor increases result. In conventional 
A ruction this is in part due to the existence of 
1 conducting paths. This explanation, how 
does not hold in these experimental double 
' since the components of the double walls 
isolated from each other and the blanket 
rranged in the airspace so as not to touch 
= tI alls. Evidently, the effeet depends on the 
oa | of the impedance of the airspace material to 
tI ipedance of the walls. For the heavy walls 
a iterial in the airspace can add little to the 
v large impedance of the walls 
arch 
Sovuad Transmission Through Double Walls 





Meyer has considered the effect of the airspace 
absorbent material on reducing transverse modes 
of sound in the airspace, that is, those modes in 
which the sound travels parallel to the wall sur- 
faces. He pointed out that if these modes are 
important, it should be possible to absorb them 
by placing this material only on the boundaries of 
the airspace. Accordingly, the boundaries of the 
airspace shown in figure 3 were stuffed with 
Fiberglas, early in the double wall experiments 
starting with the double aluminum wall. No 
significant difference due to the insertion of the 
boundary absorbent occurred, so that it was con- 
cluded that the effect of the transverse modes 
was negligible 

Additional confirmation of this was obtained by 
inserting the “straweomb” shown in figure 11 of 
RP1998 in the airspace of several double walls. 
The term = strawcomb refers to a 
structure that was made by cutting soda straws 
These 


their long axis perpendicular to the wall surfaces 


honey comb 


into 2‘-1n 


lengths were placed with 
Some 150,000 straws were used in the straweomb 
used in these experiments. Because of the large 
number of cell walls that would be intersected by 
a transverse wave, it is hardly to be expected 
that they would occur. The average TL in- 


crease, again for the 's-, 1l-, and 2-in. double 
plasterboard walls, was only 0.7 db, showing that 


the straweomb had a negligible effect 


5. Conclusions 


\ theory of air-coupled double wails has been 


which gives good agreement with 


In order to apply the theory 


developed, 
experimental results 
it is necessarv to know the wall impedance, ; Je 
This 


quantity may be determined from the transmis- 


of the identical single wall components. 


sion loss results obtained on the single walls 
Inasmuch as it is theoretically possible to evaluate 
the resistance, 2, and flexural frequency, /,, from 
mechanical impedance measurements on small 
scale samples, we have here, in principle, a method 
of computing double wall transmission losses from 
small seale experiments. The experimental re- 
sults indicate that both normal incidence theory 
and the mass-reactance assumption are entirely 


inadequate for explaining the behavior of single 





FE. Meyer, Elek. Nachr. Tech 12, 393 (19 
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and double walls in a reverberant sound field. 
The importance of including resistance and flexural 
wave effects has been demonstrated 

Kor double 


very shallow 


walls having air-coupling only, 
airspaces can produce appreciable 
increases in transmission loss over a single wall 
An absorbent material, when inserted in the air- 
space, produces large improvements only when the 
mass of the walls is relatively light and has but 


little effect for heavy walls Honeycomb or other 
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nonabsorbent cellular structures having 
walls in a direction normal to the wall f: 
not result in an increase in transmission los 


The author is indebted to S. Edelman and | 
J. Leinbach, Jr.. for making many of the 
mental observations; in addition, the latt 


ried out most of the required numerical integ! So 


WasHINGTON, July 26, 1949 
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Solution of the Telegrapher’s Equation With Boundary 
Conditions on Only One Characteristic ' 


By George E. Forsythe 


ecasting a certa dealized horizontal, autobarotropic, nonviscous liverging 

atmospheric flow considered by Rossby leads to an unusual boundary-value problem for 
the telegraphers equator involving boundary values on only one characteristic It 

ow ow to find unique solutions periodic in the longitude; these are represented in term- 
fa Greer function \ procedure for computing the Green's funetion is set down and 
to be optimal in a restricted sense The Green's function is tabulated for 72 long 

t md 14 time-value- An alternative solution bv a difference equation is mentioned 

I. Introduction be periodic inv. The problem is stated in section 


Il and solved in section III. In section [IV the 
In one treatment of planetary atmospheric flow a “" 
solution is represented in terms of a Green’s func- 
horizontal, autobarotropic, HOoOnVISCOUS, and , a , . 
: tion. In section V a procedure is outlined for 
ndiverging ma plane, Rossby |/9 considered —_- 
' computing the Green's function by improving the 
dealized case of a constant west-wind com- . . , ) . 
convergence of its Fourier series. In section V1 
ent, 2 ,anda south-wind component, *, depend- oe , , 
certain auxiliary polynomials, (2), used in 
on the west-to-east distance coordinate, y, and 
section V are discussed and related to the Bernoulli 
r, but independent of the south-to-north . , 
2 polynomials. In section VII are reported without 
ince coordinate,u. It was shown in [5] that this ' 
: ; proof a few results on the approximate solution of 
tisfies the telegrapher’s equation (eq 3) below ; é 
, iets the problem by a difference equation, taken from 
re z=y—Ur, t=4 Br The parameter 8 ; * ey , 
‘ [Oo] In section VIII ts viven a table of values of 
os¢ (do du) is here considered constant; @ is the —- : 
the Green’s function, as computed in the Compu 
ilar speed of the earth’s rotation, and ¢ is 
tation Unit of the Institute for Numerical Analysis 
tude For this simple atmospheric model, the an . s 
The present author first reported this work in 
eorological forecast problem Is one ol dete - . 
‘ Independently of the research reported here 


Charney, Eliassen, and Hunt of the Institute for 


Advanced Study considered — the telegrapher’s 


ng r(z, t) for future times ¢, given only r(z, 0 

on a plane the specification of v(x, 0) Is not 

ent to determine r(x, t) for many f 0, be- 
. equation while investigating numerical weather 


se the line ¢=0 is a characteristic of eq 5 (see mn 
prediction in general. Their research was reported 


o4 of [11] Having its initial conditions on ' a 
in [1] and is written up in [2]. The work of these 


one characteristic is an unusual feature of ;, 
men includes much of what is reported here, and 


present problem that does not seem to have 
much more 
nh in other phvsical problems known to the 


hor to lead to the telegrapher’s equation II. Statement of the Problem 
he author shows that the forecast problem has 


que solution when it is assumed that the world Let © be the circumference of a unit circle; let 


sund, that is, when the solution is assumed to us adopt an angle coordinate s for ¢ mrs 

‘i Let J be the set of time-instants f: O<ft< 2 Let 
Institute for Numerical At 

, . ) sup f , R be the closed two-dimensional region Consisting 

Department of all points (7,¢) with vin Cand fin J. Let f(z 


be a real-valued function that satisfies the follow- 


ition of the Telegrapher’s Equation 89 








ing hypotheses, but which is otherwise arbitrarv: 


H tir) is sectionally smooth on CC, Moreore Pp. 
f(a SL f(x+0) +-f(x—0)], all x). 1) 

IT, fir) has the average value zero: 
fir\dxr—0. (2 


The problem is to find a real-valued function, 
v(r, t), defined every where on R,with the following 
four properties: 

P exists* and is continuous throughout R 
P, and v.,=0Vr,/Or 


everywhere iu R ercept at most. for a finite number 


erist and are continuous 
of values of > x 

P,: Wheneve: is defined, the following hy per- 
bolic partial differential equation 
satished: 


the teleqra pher’s 
equation is 
1 » 
i () o 


P. Fort O, rir, ft reduce s fo f 7 


III. Solution of the Problem, Uniqueness 


One gets a formal solution by separation of 
variables ‘and use of Fourier series. Assume a 
solution of eq 3 of form v(r, ft N(x) T(t). Then 
r V’(r) T’(t), and eq 3 takes the form 

NX’ (a T’ it : 
’ _ _ 4 
X (zr) T(t) . 
The two factors in eq 4 must themselves be 
constant: 
NX’ (a " . 
X(z 
T’ it l . 
- . t 
Tit 1h 
A solution of eq 5 for x rom is N(z ” 


For ron the cre le C, however, one must have 


4 rT TA rt’ 

A x)=X(m), or e =e Taking logarithms, 
one sees that arA= rA+ 2nwi(n=0, +1, +2. » 
Hence A=ni(n=0, +1, +2, . Since the value 
’ That both f and e continuou C except for a finite number 

ump d t 

¢ The subseripts der , ve 

‘lt how pp } ur nd Pra } 

llow x i eq r u t 

xcepte J 








A=0 is incompatible with eq 4, there rem: 


following fundamental solutions of eq 5: 
X,, (xr) g*. (n 


£1, +2, +4, 


Corresponding to X,(z), the solution 7), (¢) « 


for \=ni is T,(t) exp (it/4n). Henee for» 
t2,... the functions .Y, (2) 7,,(t) exp 
t/4n)] have properties P,, P., and P. By | 


linear combinations of the functions .Y,,7 
X_,7_,, one obtains the equivalent pair of 
t/tn). Bot} 
the latter functions have properties P,, Ps, a 


tions cos (nr+t/4n) and sin (nr 


In order to obtain a solution with enoug 


grees of freedom to satisfy P,, consider the 


where a,, 6, are undetermined constants 
postpone a discussion of the convergence of 
series (eq 7) for £40 and consider it for t=0, wl 


1,0) is supposed to equal f(4 


~S ‘(a 


r.0 COs Nr- bh Sin wz 
r l 


If the series in eq 8 actually does converge to 
for all x, it is shown on p. 274 of [12] that th 
efficients, a,, 6,, must be the Fourier coeflicier 
f. Conversely, by p. 25 of [12], the hypot! 
HT, is sufficient to insure that the Fourier series 
f actually converges to f(r) it even converges 
formly for « in any interval bounded away 
i discontinuity of | Moreover, the hy pothes 
/7, implies that in the Fourier series dg=0. \ 
henceforth stipulate that the series (eq 8) is | 
Fourier series of f. It is important to note ° t! 
H, implies that a, and 6, are O(1/n); that is, th 


exists a constant 7 © such that 


na,| <M, \nb,|<M 


(all n). 


1. Proof of Convergence 


There remains only a proof that the seri 
eq 7 actually does converge to a function 7 
with the required properties, P,, P?,, P3, Py. It 
be useful to have the following representation 
(t,4n (t/4n 
Taylor's formula and hold for all values of t/4 


cos and sin They are proved 


See p. 18 of 
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47 32n* 


' a(,,) <1: 


t By ” 
sin tn in’ i 
f 
3, B(,,,)< 1; 
- f f Yat 
sin : 12 


tn 4n 384n° 


Vs v(,,): - 


eq 10 and 11, one sees that for any fixed f, 


» > E cos ( nr-+ ) +h, sin( niet )] 


4 ‘ t 
> |, cos nro b, sin wa) Cos T 


tn 
/ t 
bh, cos nw a, sin “vwv) sin 
4n 


(13 
\. " +f : 
a, COS hi ), SIL NI 
— an bh, ° 
) a, ( 9 COS Hit 2 Sin ne) + 
é n” Mi 
[ . b, ad, 
pay 3 ( cos ner sin nz ) 
} i] n 
\ v s 


ss a 


Representation as the sum of three series is per- 
[ ted because each of the series Xo, 3S), &, 


rges. SS») converges for all rz because it is 
fourier series of f; its convergence is uniform 
v interval bounded away from a discontinuity 
Fix any positive number ¢,, and restrict 
onsideration to ?’s such that 0<?¢<f,. Since 
db, are O(1/n), XY; and XY, are convergent 
mly in s and ¢. For example, Y, is domi- 
by (t,/4) 53(/6,|/n+|a,|/n), a series con- 
nt like S3(1/n*). The series of eq 7 is thus 
rgent for all x, ¢ and defines by its limit a 
on v(r, t 


2 E cos ( nI«t-+ . ) tT b,, sin ( LL ie ie )} 
14 


ver, the series (eq 14) converges uniformly 
‘such that + is bounded away from a jump 


on of the Telegrapher’s Equation 


>, and XY» converge uniformly, they con- 


since 
verge to continuous functions of + and ¢. Thus 
the only discontinuities of e(z, t) are those from 
XS». that is, those of f(z This is the property of 
hyperbolic differential equations that discon- 
tinuities in their solutions are propagated along 
characteristics Let the set of discontinuities 
of f(r) be denoted by # 

For all 2, ¢ one may obtain v7, by termwise dif- 
ferentiation of eq 14, because by eq 9 the resulting 
series is absolutely and uniformly convergent in 
both « and f¢: 


Moreover, ¢ is continuous for all x, ¢, so that P 
holds. Now one may not obtain r, by termwise 
differentiation of eq 14, beeause the resulting 
series will generally not converge. However, 
r, does exist and is a continuous function of rs 
and ¢ for all ¢ and for all « not in &. To see this, 
one uses eq 10 and 12 to carry the Taylor formula 
eq 13) to one higher power of t. It is found that 


a, 
COS Neo sin ne ) -_ 


NM Vi 


e _ a bh, 

~ > a, ( COs NI Sin ww ) 

2 ye, Vt nu 

t hb. ad, 

: Sy, ( , COs nr sin ns ) 16 
384 ow n n 


By termwise differentiation of eq 16, it is found 
that 


f . 
r.f } r) { > > a, Cos nae A, SUL Ma 
1 
f- " bh, ad, 
S ay ( COS ld Sin ne) + 
32 cy h n 
t . a h 
: S Yn ( COS MIT sin ne ) 
me = n° nN 
, x 
1 (2 tha aati. 
t Restricting attention tof/withO=/S ¢ © Ome 


sees that the expressions LZ, and S, are uniformly 
convergent with respect to « and f. The series 
leading to f(#) is uniformly convergent for 4 


in any interval bounded away from a discontinuity 
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termwise differ- 
\lore- 


rv and ¢ whenever z Is a 


of fla Hence, for + not in £, 
entiation leads to the correct value of ?,. 
over, 7, Is continuous in 


pomt of continuity of f(z To get r,, one may 


differentiate eq 15 termwise with respect to sz: 


>| « cos ( nat , )4 b. sin( na th )} 17) 


As remarked after eq 14, the series in eq 17 is 
uniformly convergent for s,fsuch that z is bounded 


f except for 


away from the discontinuities of f(a 


is continuous in « and ¢ for all «, 


in ff Sines are all continuous, 
exists and equals except on the lines corre- 
sponding to the discontinuities of f(a This 
shows that t) has property F's. The eq 17 
and 14 show that satisfies the telegrapher’s 


Finally, property 7’, was taken 


Thus the 


equation | 
enre ol by thre selection of = h 


probli mm ce ~ lved compl t¢ ly. 


2. Proof of Uniqueness 


shown that rt 


It will be 
that 


is the only function 

Suppose that 
Then the differ- 
satisfies the same problem with 


solves the above problem 


r,t) were a second solution. 


For each a by property P,, w(a,, t) and 


w(2;,¢) are continuous functions of ¢ for Of 
Qand w,(r2,0)=0 are, of course, 
each ?¢, let the 
be extended as a periodic function 


Now the 


are given ontwocharac- 


while wir, 0 


continuous functions of «. For 


value of w .& 


of x to all x in the interval 2, 


27] 
and w(r,0 


By pp. 21 to 22 of [10] they are 


values w w, fe 
teristics of eq 3 
therefore sufficient to determine w(z,f) uniquely 
for all r,t 
and w(r, 0 
for all x, ¢ 


uw r.0 


On the other hand, the values w(x, ¢ 
are also suflicient to determine w(z, ¢ 
since wv rt w (r,t) and w(x, 0 
0, it isseen by symmetry that w(z, ¢ 
w(—ar,t Now since the values of z lie on a circle, 
there is nothing exceptional about the line z= 
The above argument will also show that, for each 
It follows that 
constant, whence w(a, ¢ 


didx\h’'(t 0. Henee, 


must be everywhere 


value of z;, w(a, +a, ¢ wr,—zr,t 
for each fixed ¢, w(x, / 

A(t By eq > rah Th 
the constant value of w(z, t 
Then 


eq 14 Is unique 


zero and the solution v(z, t) given by 
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The results of section IIT may be sumn 
in the following theorem, phrased in the n 
of section II. 

THeoreM 1. Jf the real-valued funetio 
defined on C satisfies hypotheses Hh, and Hi 
there exists a unique function, ris, ft defi 
R and possessing properties P,, P2, Ps, a 
fi eq 8 is the Fourier series of Ia then 
defined ( rpliertly by eq 14. 

It is of mathematical interest’ to not 
extended to general fur 
That is, 
place 77, by the weaker hypothesis 


Theorem 1 can be 


fix) of bounded variation. one m 


T/ Ila is of hounded rariatioy o7 ( Vfo 
fla tT Tf r-+0 hia 0)] all 2 
The solution r,f) 1s required to have pre 
P., instead of P 
P . exists 7) R except jor x7 wma set ie / ™ 
of Lebesque Weare ero: for all f and lov al 
n tv, eristsand is acontinuous function of x ¢ 


The extension of Theorem | is stated as fo 
THeoremM 2. Jf the 
de fined on ¢ SdTISPIES h jpothe S€S Il and I/ 


real valued functio 


there exists a unigue function r, t) defined 
and Possessing properties P P.. Pp and [P 
€q S 18 the Fourie’ series of tla ther rig 


defined « rplic itly by eq 14 
The convergence proof of section III. ? ree 
only slight modification to serve as a pro 


Theorem 2. For an arbitrary function / 


bounded variation, there need be no intery 
continuity; one therefore not 


may exper 


series (eq 14) to converge uniformly in 


interval. The termwise differentiations of s« 
III, 2 can, however, be justified for almost all 


the fact that the resulting series are Fourier s 


IV. Representation by a Green’s Functior 


the solution of 


Is directly adapte 


The 
problem of 


formula (eq 14) for 
section I] 
numerical computation only when the Fo 

coefficients 6... bh, converge rapidly to zero. B 
some of the most important cases in meteor 


are where f(r) has discontinuities (see footnot 


H 


il with funet wit 
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So 


ich an f the Fourier coefficients are 


speaking, of the order O(1/n 
the convergence of eq 14 1s hopelessly 


and for 


possible, however, to improve the con- 


» of eq 14 to such a degree that computa- 
The pro- 


r, tf) 1s reasonably possible 
will be illustrated in section V for one 
lar choice ot fla 
] T J i) J TT 
wisi Hd \ 
! ya J i) 
ae ’ a | ‘) 
1S 


be shown by direct computation that the 


series OT ola is the series of eq IS It 
lows that the series converges to alu for 
The reason for choosing eo(a is two-fold 


interest to see how i 


ol meteorological 
discontinuity im r 3) wi propagated, as / 


es b ior anv 7 that is sectionally 


it Is possible to represent the correspond 


in terms of the solution for the special 


ondition e(r, 0 (a 
present section is devoted to proving thi 
ty (b Suppose, therefore, that G(r, f) 1s 
ition of the problem of section IT with the 
condition then G(r, 0 o, (a Let 
onally smooth function f(r) be given that 


have the jump J 
ie 2 4 


in [—2rz, 


‘ eq ] 


2 Let f(s 
at the 

be continued periodically for 
Then (J,/m)o)(4—2,) also has the jump J 


pomt Now 


and 


fla ) points h 


1 
é S$ J.e(x—a 
tinuous function, since all the jumps have 
and the functions 


a. There 1S, 


emoved Moreover. E(J 
all satisfy eq 1 and 


J d 
ore, a unique solution to the problem of 
Il for each of these functions For the 
on (J,/r)oo(4—a the solution is (J,/x 
t It will be shown below that the solu- 


t) corresponding to the imitial values &(7 


1 (7 
(7 u,f S iid | o J uw) ¢ u du T 
a. Wr 
f “eo 
sn a 





on of the Telegrapher’s Equation 


is given by 


y rf Gia u, tye’ ujdu 14 


Since the problem of section II is linear in the 


initial condition f(z), and since 


| A 
fia Ela > oJ On (2 ] () 
it follows that 
> if". 
r.€ IG r;,,f ila 4. g u\du 
| 


formula (eq 21) ts the desired representation 


ol rf f} to the single 


in terms of the solution Gu 
The 
be called 


function of the prob! m of section I] 


nature ol 
the Green's 
The 


is not only ol theore tical IMpor 


probl ni Ww hie re] 


indicates that G(r,f) may 


repre 


sentation (eq 21 


tance, but it can also be used for upproximating 


value s 


The prac 


the solutions fo reneral boundary 


the Green’s function ts tabulated 


once 
tical problem then becomes one of approximating 


by some numerical process 


the integral in eq 21 
This latter problem is not treated here 


It remains to prove eq 19. First, it may be 
observed that, for each 2, since o, and ure 
periodie, 

| | J 

| I Ll) ‘du ri / dé i 
wT J-7 T J-% 

| l 

tld i £1) ¢ ] “au 

. ee " 
| °. 
E(J = | ei u ] / du 
‘ 

I ' . »)> 

2) “= E(ujdu= (4 22 

2a J-% 


In eq 22 we have used two Riemann-Stieltjes in- 


tegrals. The last step is true because (4 
satisfies eq 2 By eq id. 
: f ,_ / . 4 
Gist I COS Nd S ; Silnb wd. 
1» 2) ay 


COS NICOS NU-->- SIN NT Sin nu Je u du— 


99 
si wr Cos nu COs ML SIN Nu |e u du 2 
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Since &(u) is sectionally smooth, |£’(«)! is bounded 
Hence the series in eq 23 remain uniformly con- 
vergent when multiplied by &’(u) and may be inte- 


grated termwise. We note that 





l ** n “x ‘ 
cos nuk’ (ujdu sin nug(ujdu= nb, 
7. 7 7. 7 
1 (7 “x 
aa i] - 
sin nus’ (udu cos nus(uydu NO», 
e © T. x 


where a, and b, are the Fourier coefficients of & 
In view of eq 2? and 24, the termwise integra- 


tion in eq 23 yields 


5 ts 
| Griz u,tyt’(uydu t(r) + 
5 

rx" . 

haan (b, COs NL —a, SIM NL) — 
a¢ 1 
t? ~~ ™ : - 
29 a) (ad, COS NI b, sim 7s). 25 
la # l ‘ 


But, by eq 13 and 14, the right-hand side of eq 25 
is y(z,t), the solution corresponding to the initial 
values é(x). This completes the proof of eq 19. 
The representations (eq 20 and 21) assume a 
more symmetric and unified form when the Le- 


besgue-Stieltjes integral is used. It can be shown 


that 
, is : 
f(r) o(xr ujdf u), 26) 
TJ ¢ 
and that 
rte , ™ 
vi(x.t G(r—u, t)df(u), 27) 
J : 


where eq 26 and 27 include Lebesgue-Stieltjes in- 
tegrals over the circle (. Whenever f(z) has a 
discontinuity (say at z,), the integral in eq 26 fails 
to converge as a Riemann-Stieltjes integral for 
r=—a7,, because the functions oo(24,;—u) and f(x) 
both have a discontinuity for u=0. The same 
holds for eq 27. The integrals (eq 26 and 27) are 
convergent for all z as Lebesgue-Stieltjes integrals. 
Moreover, the formula (eq 27) vields the solution of 
the problem when /(z) is an arbitrary function of 
bounded variation; the above proof of eq 19 can 


)" 
‘ 


be modified to serve asa proof of eq < 
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Y. Computation of the Green’s Fun ‘tio 


For the purpose of using the representat 
21) and for its own meteorological interest, \1 IR 
desired to compute the Green’s function 
A tabulation to three decimal places, accura \' 
approximately 0.001, appeared sufficiently 
rate. An v interval of 5 degrees of lonvi G 
7/36 radian) is convenient in meteorolog 
was decided to compute G(x, ¢) for various ti) 
r up to 96 hours at latitudes ¢@ from 32°! 
55°. Since the length unit is here the ra¢ 
the expression d¢@ du in section | ta 
Then 48=80 cos® ¢, where! - 
radian/second. Now 24 ho 
86,400 seconds, or to f= 504 = 


longi ude, 
the value cos @ 
Q=7.292 10 

corresponds to fr 


2°19’, cos? @ 


cos’ @ At latitude 3 0.714, wher 
t=36 at 24 hours. The largest value of ¢ a : 
which G(x, t) was computed corresponds to 
hours at latitude 32°19’; it is ¢= 144. 
Let -=1/4, for convenience. By eq 14 
One 
G(r, 2 > > ; sin ( ns 4 2s 
1 Ui N 


] 


In summary, a method is required to comp 
G(r, z) to an accuracy of approximately + () 
for'' sr m(a/36)x and for various positive val 
of z up to 36. The present section will pres 


one such procedure, an application of 
method for improving the convergence of cer 
Fourier series, given on pp. 84 to 88 of [10]. / 
procedure prese nted below is not an exact dese: pt 
of the methods actually used in making the tabl 
VIII. It is assumed in section V thiff,,, 


available 


section 
computing machinery is capabli 
dealing with numbers of 10 decimal digits, | : 
no more than 10. 

Of the tolerable error 0.001, the amount 0.00) 
must be reserved for round-off in the final tabu 
tion to three decimal places. Suppose that 0.00) 
is allowed for truncation errors,” and 0.000 
computing errors resulting from round-offs du 


To havi 


truncation error as low as 0.0004 from use o! 


the calculation with 10-digit numbers. 


partial sum of eq 28 would require about 23,0 ! 
rhe limit ¢=32°19 arose unintentionally. 
he notation a bh mesn a, a+é6, a+26, a+36 b 
lruncation errors are errors that result from use of approximate 

matical formulas, e. ¢., use of partial sums of infinite series 
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ior J ri36 and 4a 357/36 The con- values of N and R come from setting F(N,R 
e must obviously be improved 510° for Z=36. The following pairs of values 
of N,R were obtained from eq 31 by a numerical 
Representation by Truncated Double Sum calculation followed by a round-off of NV’ to an 
integral value 
\ vrite 
NV =26 R=4 V=9 R=8 
rs >> sin nr cos ~4 
/ Mt IS 5 7 LO 
” 
— 2 , ' ‘ a 
» & cos nar Sin be pA 29 1:3 © } lo 
/i fi 
. 1] 7 } 1) 
plicity we consider only the first sum  , in 
It can be shown that the term >, behaves The selection of the most suitable pair of values 
rey throughout the analysis Expanding V. R from eq 32 will he post pore dl until we have 
in its Maclaurin series, one has discussed the summation of the remaining terms 
ol eq Ho) 
oe l a oe | sin Nd 
—— * ond 2; ', a) ) ', 
2. Computation of the Double Sum 
0 The terms of S, for 7 i. Se Vo and all » 
may be left in the form 
Cry type of truneation. of eq 50) consists m 
ne all terms for »> N 1.%7>R Let the ‘a — | 
: > 4 > cos )sin ne, > 
caused by this truncation be called € We / / 
estimate e for 0° ; = 
and may be comput dl from this formula The 
ww l SIM Wu terms for “> land r—O, 1, R—1 may be 
~~ 2r)In written in the form 
<— @ a — 2 | dx S3= Doran I 34 
car (2P)! gotai & rake (ar)! Jn X “ 
where 
\ Z S 
Soy ont <q cee) o(e)=(—1) 3 5 
R (27 2) tyr R / Pr an 7 
ast step above uses the Stirling expression Once a r) has been tabulated for the one valu 
e factorial function, which, according to p of N to be selected below, 5. mav be computed 
8], is a one-sided estimate: s! a ¢ \ 27s directly from eq 34 Two methods are needed to 
nuing, one finds for eZ/2RN<1 that get o{*’(r). as the calculating machinery is as- 
} sumed to be limited to ten decimal digits 
, coat < , i tirst method ts to use the 1entity 
1p \2RN) \ORN : 
31 \ 
r , SUL Ma 
l Z eZ > 0 j o J l S ’ ob 
(ae) | 1—lspw) FUN R — 1: 
tyarh IRN IRN 
liirst estimate mn eq 31 seems crude, but it where 
ot affect thre values of V or R very much ~~ Sink via _ 
o j 0 I , 4 
F(N.R) is an upper bound for the trunea- ~~ 
rror ¢, introduced by omitting terms of 
>~N+1.r>Rin = In section VI it will be shown that for 0<4"<- 
( can reasonably tolerate a truncation errot o»,(4) is essentially a Bernoulli polynomial in the 
{ 5 10 The corresponding admissible variable ars 5 Hence 0 I can readily bye com 
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puted or even interpolated from existing tables 
like 1} 


out the subtraction indicated in eq 56 


One can then get o))'(r) by carrving 
The terms 
o,(4) and (sin «) 1 of eq 36 are approximately 
with ten-digit calculating machinery these 


Henee 


cood to 


unity; 
terms may be carried to ten decimal places 
will be 


r), calculated from eq ob, 


In order to get the Green’s 


O.0O1, it os 


ten cde imal pare Cs 


function to an accuracy of hecessary 
that all terms in the sums of eq 33 and 34 be sub- 
stantially correct to five decimal places; hence the 


terms 2" r) (2r)! in eq 34 must be given to five 
decimal places It follows that 27)! must be 
less than 10°; for 36 this means that 2r<4 
Thus the first method of computing o r) is 
adequate when 270, 2, 4 
For 27 t, another way of getting o. r) is 
needed Kor these large Wa the convergence ol 
the infinite series (eq 35) is good, and we may 
write 
\ 
: » Sil) wd e 
\ yi 
The truncation error e& in eq 38 may be shown 
to be at its maximum when s=—7 36 and when 


sin (N,,2)=0. Inthiscase the error is not greater 


than the sum of the first 36 omitted terms, which 


is estimated by 


N,, +3 naw 26 | , =o 
,  &, sin rT ot ; > > ain a iu 
elles: } N ; 56 aN 
In order to keep & 2r)! numerically less than 
5x 10°° for 36, it is sufficient that 
2 aD \ l ” 
4 
= ( v.) ap)p > 10>, 39 


Solution of eq 39 gives the following points of 


truncation of eq 38 
N,=126, 
N.=32, N 26. N 2 ; \ 


The values of .\ 


priate to a parallel analysis of the sum >, of eq 29, 


for odd subseripts & are appro- 


but not to the present analysis of X If o J 


‘ 
0 J _ ~ j 


are estimated by eq 38, with 


the values N,, taken from eq 40, the individual 


VV ill Cie h 


error not exceeding D 10 


summands of eq 54 have a truneation 
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3. Operational Analysis, Selection of Na dp 


We 
ne the &, of eq 29. in order to select that 
values of N and R 


computational work a minimum 


now estimate the labor involved in e 


mal 
The re 


computing procedure will be optimal In a 


from eq 32 that 


sense--i. e., optimal among the one-par: 
family of truncations considered in section \ 
Although the resulting procedure will be pe 
differ 
moderately from the procedure actually ul 
the tables of section VIIL— it 
to be optimal among a// procedures for com 


the S, of eq 29 


feasible for computation —indeed, it 


cet cannot | 


For it has been based on a « 
tvpe of truncation of a certain double set 


30), and on a predetermined assignm« 


truncation errors to several subcalceulations 


3S Given only the nature of the computa 
absolutely oO} 


machinery, to deseribe an 


procedure of getting S,; would seem quite b 
the present powers of analysis 


It is customary and quite realistic to esti 


the cost of a computation by the numl 
multiplications required We shall co 
the multiplications required to get X, fo 
value of 2 and for one value of 4 In eq 


may ignore the desk computation required t 
Lin 
N multiplications involved in eq 33. In 


cos(2n) and sinnz; there are then esset 
eq 36, one may ignore the work of getting 
Which is chargeable to basic table develop! 


and count 3.N0 multiplications needed in 


vet a, (r), @ ; i. se To get @ (au 
eq 38, in view of eq 40, requires 54—N mult 
cations. To get a*, oS Se from 


requires in all approximately (R—4) (30—N)1 


plications, where 30 is a rough average o 


higher values of .N., in eq 40. To put 2, tog 
by use of eq 54 involves R multiplications 
find 


outlined procedure requires for each valu 


Summarizing, we that getting S, bi 


and each value of « the number of multiplica 


WiCN,R 66+ 7N+31R—RN 
151 7—R)(31—N 
Minimizing W\CN, 2) over the pairs given in 


selects the pair V== 18, R==5, for which Wi(1S8 
125. Assuming that the computation of 


! t . ful with? 
isefu 
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P\ nultiplications from eq 345 


y 


Bo 


sume considerations, we 


R=§ 


values to use in getting G(s, 


ivolves the may 


propose \ LS, being the 


as 
by CQ dd 
for one value of «2 and one value of 
mber of multiplications will be 2H,CNV, 2 
for 72 values of « and one value 


of NLR 


s an odd [even] function of 2, 


(1 ne Gir, 


volves no change Since sin wd 
the number 
for all x will 


Gis, 


tiplications in getting G(s, 
i} Ny. R 


values of 


However, getting for 
changes the analysis, because 
, once computed, serve for each 
To get 


for example, will require, 


CLIONS @ 2 I 


without change for 13 values 
d one value of 4 
tion to the multiplications in eq 41, only 
12k 


The total number of multiplications will 


and from 


i VLR 664+-19N+43R—NR 
7ol 19—R)(43—N 
minimum of WV V. PR) is 361. and occurs 


V=13, R=6 The optimal choice of NV, 2? 


: changed, though not = greatly Since we 


to use 13 values of 2, we adopt the values 


R a) 


4. Summary of the Computation Method 


With the above choice of NV and PR, the compu- 


of XS; may proceed as follows: 


Compute 


( COS : ) sin Vid 
n 


n 


| 2 compute 


Sin Md 





/ b)* >. 12 
aa 
I s computed from section VI 
Comput 

‘sin ne ) 
SN i 

/ 
— - 
» Sil Md 
4 / 

So Sin 
whe } 4 
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d) Compute 


7 . 

Zs= 2, ia 
e) Compute >,=—2,+ 2, 
The number of multiplications involved in get- 
r-value and for -Value is 
69: (d) 6: (e) O 


one one 
When vetting 
one adds 156 

The total 


for 13 2-values is 355 multiplications per s-value 


ting >, for 
a) 13; (b) 39; (e 

for -values, 
to (d 


one s-value and 13 
and 


multiplications to (a 


The slight discrepancy with the number 361 in 


subsection 3 is due to the rough estimate previously 


made for step Cc Kon all r-values essentially 


36). one gets a total of 12,780 multiplications to 
wet 2). 

To get So in eq 29, one follows analogous steps 
involving 0» J 0 r), et There will be 


approximately 12,750 more multiplications, mak- 
ing a total of about 25.500 multiplications to get 


Gr, for the 72 z-values and 11 2-values 


The total truneationerrorin getting = is bounded 
by 210 This is divided into four trunea- 


tion errors of 510 one for each of the three 


steps in (c), and one for the terms left out of (¢ 
The 
21074, making a total truncation error of 4 
The final 
decimal places may introduce an error of 5 


truneation error for X, is also bounded by 
7", 
to three 


1074 


round-off of the final answer 


The third source of error is the accumulation of 
round-offs from adding five-decimal-place terms 


Each term is accurate to 5 107°: with an assumed 


rectangular distribution these terms have a dis- 


persion near 3 > 10 Kach value of G(r, 2) is ob- 


tained from the addition of about 270 such terms 


The dispersion o of the sum is therefore about 


y 270X510 or about S10 One may ex- 
pect the accumulated error to exceed 2.3 ¢ 2 
10 In only 1.5 pereent of the cases The sum 
of the three errors is effectively bounded by 
11107, or slightly more than 0.001, 


VI. The Polynomials | ¢,(x) 


In section V we made use of certain funetions 


defined as follows: 


Oo ] 


, sili via 
I l >: / OG. ts a 
— , 
~ COs Md 
I l / 3s Pe See 
— , 
14 





| oo 











The function o (rc) was used in section LV; see eq. p Edt 2x)*t'B 
- o Eydé 
IS For />>0 the series o,(2) m eq. 44 are abso- 2(k-+-1 
lutely convergent; hence they represent contin- 
uous functions Since o.,(2) is odd and oa. r) is Phe last step is by eq 9 on p. 21 of [8], 
even. it is hecessaryv to sum the SCTLOS eq. 14 correct except for sign Hence, letting ; Ws 
only for O<r<r oe a.(Qat 
As stated in eq. 18, ; 
., RB 
r i . 2(2e a 2xn)dn | (A 1 , 2,0 
! : . 2 QO<r<r 1 1)! 
Now . 
Now define 2(22)" ¢ at B,/0! } 
sts fil ‘ ] ~ “i if -~ii 
/ > oy(&)d , > ae 9 » 
— 4 site ) eq 4a formally to get 2(2m) ‘o,(2nt 
Henee Bt B 
2(29)~'o,(2xt t+-3 
- -\-7 <i ‘7? ' 2 
r l QO! 1 l 
J ¢ > 4 { J ) I rf 
Note that eq tS agrees with eq $5 for ola 1] 
Similarly, for 0<a#< 2, one finds eq 48 is a correct formula, although it wa 
5 derived formally 
© eda és , We now apply formula (eq 47) repea 
() 4 
le getting always correct expressions 
1 T T | 
J I I "a tt Bt B, t BR 
O) | 2 tS 2(22 o,(2rt ' <P iq! ' ry 
Q! 2 » 
T T T l " 
a ] ; . > > > 
; OH) , an , tS ; 240 WOLD = fel mf Bt B, ft b oO 
=\= A , =i Q! 1 \! »? »t 1! ' 
Use has been made of the formulas S3>., x” 
ri: S ) r' OO 
. > } 
The functions o.(2) are therefore all poly- 2(2r)~*-'o,(2Qnt » > B 
" “ = sa med )! } | ) ' 
nomials. Their use in improving the convergence H ‘ ‘ a 
ol Fourie! Serres Is pointed out on pp S4 to SS ence | ] (| 
' , 
‘ f j 
of [10] Although they may be easily tabulated D(k+-1)'(Qer)-* 9, (Qa > > . : 
; i a b & ; 
from eq 46, they may also be adapted from exist- J / . 
ing tables because they are essentially Bernoulli > (' ) By 


polynomials Let Ba be the Bernoulli poly- 


nomials given on p. IS] of (4). 


Lemma." For O0<r=7,andk=0,1, 2 


; r a \ (kel 
7 > B } \ Bat ‘ 
bai >ik-+1)t Bes (oy) : = } i ) 
Proof: Define the Bernoulli number B, by the Comparing eq 49 and 50, we see that 
relation 2 BO These are the Bernoulli num- > 
. . B Q(k4-1)'(Qx o,(2nit 

bers used on p. 21 of [8]; they are B LB Xs 
B,— 1/6, Bs 0, By 1/30, Bs=0, By= 1/42, Let 2rt— 7, and the lemma is proved. 


Davis uses other notations in t| Now fix 7 in 
the interval O<4<-7 For each 4 i, a, 


VII. Solution by a Difference Equation 





o.(2 o,_,(¢)dt—sin ad > “5 Our first approximate solution of the pro 

. a stated in section IL consisted of the approx 

‘ ' , a a “4 evaluation of the integral (eq 21) by mea 

. pitt inches. 8 2). numerical integration formulas, using the apy 
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Sol 


tabulated in section VITI 
the 
appropriate 


ilues of G(x. 


A second approximate solution of 


1 consists in. solving with 
rv conditions a difference equation that is 
related to the differential equation (eq 3). 
tter method is considered in detail in {6}, 
proofs may be found; only a summary is 
n the present section 


r/2N; let 


\ net is formed of all points 


any positive integer 2.V, let A 
( arbitrary 
f form (uh, vk), where » and y are integers 


ng the conditions 


u+v=0 (mod 2), wu <2N, »>0. 51 


necessary we extend the net and the func- 


») 


values periodically in 2 with period 7 


ifferential equation (eq 3) is approximated 


difference equation, 


boundary conditions of the difference-equa- 
roblem are prescribed values of (r,t) on the 
ows {= 0, t= Assume that for t=h, 


SSr(rt) =0, 53 
the sum is extended over all points of the 


of the net 
gq 52 then determine the value of ¢(z, ¢ 


d row The boundary conditions 
on the 

The 
are determined 


hold 


one 


(2k up to an additive constant 
ve constant and hence ¢(r, 24 
that eq 53 also for 
after thus de- 
the Let the 


on so determined be denoted by V(r t): at 


wly by requiring 


Continuing row row, 


nes > of ove! whole net 
ds on N, on &, and on the initial values pre- 
The problem of [6] 
as V->o, 


on the first row be 


d for the first two rows 
ee whether re (r, f)-—er(a, t 
the initial values ¢(7, 0 
d by the relation e(r, 0 fir), where f(r) Is 
Let & be fixed 
le to choose the initial values e(c,h 


netion of eq 1 Then it is 
on the 
lrow of the net in such a manner that, as 
W(x ft rir,t) for each ¢ of the net and 
hathat is an abscissa of continuity of f(a 


allowed to vary with N in such a manner 


Oas N->o, then r™ (r,t (r,t) for each 
nd for each x that is an abscissa of conti- 
of f(a In neither case may one, in general, 


the convergence to be uniform in vs or f¢. 


on of the Telegrapher’s Equation 


The method referred to for choosing the values 
lz. & 


one, and in a practical computation one would 


on the second row is not an economical 
prefer a cheaper though approximate method. 
Two things are shown in [6] about the effects of an 
approximation of the values of ¢(7, 4): First, they 
may introduce ultimate instability into the solu- 
tion. Even the 
be identically zero, it is possible that for fixed 


N and Z, 


though solution r(r, t) of eq 3 


lim vO (2, ¢ +. 


Second, the approximation does not prevent con- 


vergence of ¢? (r,t) to r(ryt provided that the 
error of the approximation of ¢(r,/) vanishes as 
N—« One reasonable way of causing the error 


to vanish is to let k—0. 
These results show that the difference-equation 
method of solving the 


method is a feasible 


problem of this paper. 
VIII. Table of the Green’s Function 


In this section is tabulated the Green’s function 
G(r, 
the Institute for Numerical Analysis. The value of 


, as computed in the Computation Unit of 
the time parameter 2 corresponding to / hours at 


latitude @ Is 


0.52502 h cos” &. (ol) 
Except for the last digit of the constant, formula 
can be verified from the introduction to 
V Meteorological 


vested that A should be chosen in convenient mul- 


eq 5] 
considerations 


section sug- 
tiples of 12 hours, and that @ should be 35°, 45°, or 
55°. The latitude 32°19’ resulted from a numer- 
the author A 
pairs of values of h and oOo were selected for the 


ical error by limited number of 
computation; these pairs are shown in table 1, 
the 
determined from eq Ol. 

For each of the 13 values of 


together with corresponding values of 2 


given in table 1 


and for z=0) and for rir 36), the Green's 


function G(r, is presented in table 2 to 5 deei- 


mal places. Since G(r, has a discontinuity of 


the first kind at »=0, the values G(—0, 2), G(0, 
and G(+0, are all given. In every case, 
GQ. L(G 0. GO. } and G 0. 
G(—0, z2)=7. The computational procedure fol- 
lowed that of section V in general outline, with 
certain deviations. It was decided to use N-=18, 
R=6. The auniliary functions o 2 (7) and 
99 











a,,., (%) were computed from formulas like eq 36; 
formulas like eq 5S were not used This necessi- 
tated carrying considerably more than 10 digits, 
and so the polynomials o.(r) were first computed 


to 17 decimal places. Choice of formula (eq 36 


was based on the value of getting these tables of 


Bernoulli polynomials as a byproduct of general 


miterest 
To be definite let us write G(a G(r, 
Gtr, . where 
’ > | - 
G(r, _ sin ( na t ) 2 
n nN 
and 
' » J 2 
dro(r, y }- sin ( na + ) 
UL 7 
Let 
0" /02") G(x, 2 Ga for £=0, 1, 2, 


By section VI, the functions g,(7) are polynomials 
They were generated on an International-Busi- 
ness-Machines tabulator to 17 decimal places 
The values of A, (7) were computed and subtracted 


from g,(x2) to vield G“(r,0). For any 


G.(r,2)=>5 ,, G® (4,0) +R. (2, 2)> 53 


If 0: 6, 11! 3 X10 And G ea 
ye 1L5x«10 Hence, for O<z< 36, 
R,, (2, 0.510 

rt 1 ire 4 } } 
(iertru Bla { Institute for Nu Analy 
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Once the values of GY’ (2, 0) were obtained 
possible to generate, very easily, the fi 
G(r,2) for any values of z in the range 0 


To summarize, 


a) G(r, was computed from eq (52 

b) The functions GM (2, 0) were cor 
for k==0,1,2, . , 10 

(ec) Gila was obtained from eq (53 

(d) Gita and Gi(x2, 2) were added, t 
C(x, 


The subsidiary computations in (a) and (b 
carried to nine decimal places, those in ( 
least seven decimal places in the partial pr 

Table 2 is believed to be accurate to 0) 
for all « and all 2. The cosine compon 
G(r, 2) was given a final check by use of 1 


lowing formula: 


D>) G(kr/36, 2) =D) - sin - =p 
k= st , Vv av 


The check showed a deviation between thi 
and p(z), which was never greater than 0.00 
The sine component of @ (7, 2) was given a p 


check by the formula 


, hr 
> sin Gi(k7r/36, 2 2 cos 
k=—36 2 | 
9 >” I ale 2/18 l oa (2/18 
2 apie (G41) ty 1 ©8(4, 


Comparable agreement was found. Finally 


table differences with respect to 4 are 


satisfactory. 


PABLI | Values of the time paramete ’ , oO 


to hours, h, at latitude, @ 
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Table of Modified Bernoulli Polynomials 
By Gertrude Blanch and Roselyn Siegel 
olvnomials tabulated are b,(r), where b,(2) is related to the Bernoulli polynomial 
B { I ri i 
bila | l Jr B { — )] k 
Range of parameters: / BO ee ru 36.4—0(61)36 lhe entries are given to 17 decimal 
place l functions were computed in connection with the tabulation of a > lit ti 
he t grapher’s equation by George E. Forsythe. 
I. Definitions 
Phe polynomials 4,(2) tabulated below can be identified with the Bernoulli polynomials! 2;(7) by 
tlowing relations 
1)*3(2x)'B,(5_) 
h J ] ! = 
he Fr. We have 
b. (a ~~ sin [nu ; } l)xr | I 
ae } 
cit expressions lor the polvnomials tabulated here are as follows 
4 b( I T ) 
h : / Td T 
} 2 i) 
h / = == 
y 4 } i) 
} / T Td . 
Ay / 1X ) + 1? ay’ 
} J Td Tod Td 
aw 240 48 36° 90 
} j Td rs ae T | 
6) 1 440 2407 1941807 945" ( 
} j Tr TJ TJ Td 
ae 10.080) 1.440 720° 540 945° 
} Td rs ry" TJ - « 
‘ 80.640 10.080 ' 4.3207 2.1607 1.890 9.4507 
} r Tr a | Td TJ Tl 
rahe 725.760 © 80.640 30.240 | LO.S00 5.670 9.450 
} ! rr TJ wid rs Td 1 
Lore 7.257.600 725.7600 © 241,920 64,800 1 2?” OSO 1S.900 1 93 555 
} } wd TJ TJ Td Tl Td 
Pui 79,833,600 © 7,257,600 2,177,280 $53,600 113.400 ' 56.700 93,555 J 
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The entries correspond to the argument 2= ry/36, 
for y—0(1)36. The values are given to 17 decimal 
places, with an error of less than one unit in the 
last place 

The above functions were obtained in the process 
of computing the function G(r, 2) required in the 
solution of the 


Kk. Forsythe 
II. Method of Computation 


The cle rivatives with respect to y of h Wi) ob 


telegrapher’s equation by George 


i. were computed with the aid of Glaisher’s 


at 
values’ of x and the leading forward differences 
at y—0 were then computed from the well-known 


formulas for differences in terms of derivatives 


Let f 7] be a polynomial of degree KF, and let 


A’f, indicate the it forward difference of f y) al 


y=. Then for integral values of s, 

f(s > sl Af 2 
where 

( e/plis p 4 
If A’f, is not exact, but has the rounding error e 
then from eq 2 the error in f(s), due to using inexact 
differences will be 

p a € 


In order to insure an error no greater than 210°" 
in f(s), the leading differences were computed to 
a high enough accuracy to satisfy 


107". s—36. 
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and the computed differences were test 


generating the last required value (corresp 
to y= 5b 
the value of the functions computed from 


from eq 2 and comparing the resu 


This phase of the work was done with the 
desk calculators 

The leading differences were then kev-pu 
carefully tested, and used to generate all rv 
ing values on an IBM tabulator, type 405 
last value obtained in the process agreed 
precomputed values to within two units 
eighteenth decimal place, and this ruarant« 
accuracy of all intermediate values, sine 
value was based on previously computed \ 
To eliminate a possible listing error, the 
listed on the preliminary manuscript were « 
enced on an adding machine. Finally the 


were summed in groups of nine or ten, an 


I 


sums recorded; this was done on the 405 IB 


tabulator, from the punched cards. The 
proofs of the printed table were carefully | 
read, and then summed in the same grou 
nine or ten; from these sums the precom 
sums were subtracted. A zero total insure 


agreement of the galley proofs with the tes 


preliminary manuscript 


The preparation of leading differences at 
and the checking of the manuscript) wer 
formed by Mrs. H. Arens and Misses F. Go 
B. Harding, S. Marks, and R 
computation of the functions on the IBM tab 


Tishman. 1 


was performed by Everett Rea 
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Electrodeposition of Alloys of Phosphorus with 
Nickel or Cobalt 


By Abner Brenner, Dwight E. Couch, and Eugenia Kellogg Williams 


\llovs containing nickel or cobalt and as 
electrodeposited from solutions containing 
further irdened by heat-treating at 400 
re stant to attack bv hvdrochlorice acid thar 
, are bright as deposited, but their 
I. Introduction 
eposits of cobalt and nickel have been pro- 


by chemical reduction [1] ' of solutions of 
metal salts with hypophosphites at elevated 


ry’ 
These 


phosphorus 


eratures deposits contammed several 


nt of and were harder than 


ury electrodeposits ol nickel and cobalt 


increased in hardness when heat-treated at 
( and 


iling at 


were not appreciably softened by 


600° C. The nickel-phosphorus de- 
is semibright 
The 


chemical 


is also of interest because it 


deposited from an alkaline solution 


erties of the deposits obtained yy 


etion mn the ‘electroless’ process) were ol 
ent interest to lead to an attempt to find 
satisfactory conditions of deposition \s 


lee troless process Is uneconomical, produces 
sits at a slow rate, and does not permit: con- 
f the composition of the deposits, attention 
lirected toward a study of the electrodeposi- 


of metals with phosphorus 


ovs of nickel or cobalt containing as much 


percent ol phosphorus were obtained by 


odeposition from acid solutions containing 
hites These allovs are of theoretical in- 
because many of them contain over 50 


nt of the metal phosphide, and vet mn all of 
The 


odeposition process Is also of theoretical In- 


properties they are decidedly metallic 


beeause phosphorus is nonmetallic and does 


onduet current, and in this process is depos- 


ron ahh anion 


trodeposition of Phosphorus Alloys 


reflectis 


much as 15 pereent of phosphorus have beet 

yhosphites The allovs are hard and may Ix 
The high-phosphorus nickel alloy is more 
lire ekel deposits The hig -phosphorus 
ties are lower than those of buffed coat 


The effect of phosphites and hypophosphites tn 
other plating baths was examined qualitatively, 
but as no obviously interesting results were ob- 
tained, no analyses were made of the deposits 
The baths investigated included acid copper, acid 
hot The addition of 
phosphorus compounds produced a black or rough 


zine, and ferrous chloride 
deposit: in the last bath, and had little effeet on 


the others except to make the deposits rough. 
Similarly, no important result was obtained with 
a evanide silver bath, a evanide zine bath, or an 
alkaline tin bath. The deposit from an alkaline 
cobalt-tungsten bath to which phosphite had been 


added did not contain any phosphorus 

In our initial efforts to clectrodeposit the phos- 
phorus alloys the conditions were similar to those 
emploved inh the electroless plating process, but ho 
allovs were obtained Later it was found that the 
conditions for the electrodeposition of the phos- 
phorus alloys are quite different from those re- 
quired for the electroless process. This is shown 
by the following contrasts: (1) Electroless plating 
is readily conducted with ammoniacal solutions, 
but phosphorus alloys of cobalt and nickel cannot 
be electrodeposited from such solutions; (2) cobalt- 
phosphorus allovs cannot be obtained from an acid 
solution by the electroless process but are readily 
obtained by electrodeposition ; » phosphites ure 
the most satisfactory source of phosphorus for the 
clectrodeposition process but 


they produc e no 


reduction to metal in_ the electroless plating 


process, 
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II. Composition ot Plating Baths and Con- 
ditions of Plating 


The best deposits were obtained from ordinary 
nickel or cobalt baths to which phosphoric and 
phosphorus acids had been added. The favorable 
pH of the baths was between 0.5 and 2.0, depend- 
ing upon their compositions. Table 1 gives the 
composition of several satisfactory baths. De- 
posits may be obtained also from acid solutions 
containing only the metal phosphite Solution 
Ni-P and Co-P, table | 

The plating solutions were prepared by first 
making up an ordinary plating solution, about | 
molar in metal. A Watts bath may be used as the 
basis for the nickel-phosphorus bath and a cobalt 
chloride solution for the cobalt-phosphorus bath 
The phosphoric and phosphorus acids were intro- 
duced into the bath in the form of a stock solution 
prepared by partially neutralizing the acids to a 
pl of about 1.0 with a basic carbonate of the de- 
sired metal This stock solution contained the 
metals as the acid salts along with free acid 
When a low concentration of phosphites Was re- 
quired, as in bath Co-F, the acid could be added 
directly to the bath. With the cobalt bath, Co-F, 
pitting is liable to occur, and the addition of a 
wetting agent may be necessary for the production 
of thick deposits. In electroforming deposits 
about S mm (0.3 in.) thick from the latter bath it 
was also found expedient to add saccharin, 5 g liter, 
to reduce the stress in the deposit. 

In this study, a number of different bath com- 
positions were tried and discarded. The follow- 
ing discussion summarizes the materials tried and 
the reasons whi they were accepted or rejected 

In the earlier stages of this study, baths con- 
taining hvpophosphites were tried and were found 
to vield) deposits that) contained phosphorus 
Some of these deposits were quite bright lHlow- 
ever, they were unsound and frequently were so 
highly stressed that they developed visible net- 
works of cracks. Another reason for abandoning 
work with the hypophosphites was that they were 
not stable in hot solutions. Phosphorus acid, on 
the other hand, is apparently stable in hot solu- 
tions. It is readily available (in commerce 
usually as a $0-percent solution, but can be ob- 


tained in solutions of higher concentration and 
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also as a crystalline 


per pound of anhydrous acid. 

One of the most important considerations 
successful electrodeposition of the phospho 
loys is the pH of the plating solutions. If 1 
is more than several tenths above an op 
value, the deposits are likely to be dise 





solid. 


stressed, or unsound; if t 


cathode current efficiency is very low 
Because of the necessity of controlling t! 
Within narrow limits, it soon became apparet 
buffers would simplify 
A number of acids were tried as buffers, 
them organic acids such as acetic, formic, hy 
acetic, malic, citric, 
inorganic acids such as boric and phosphoric 
These acids had specific effects on the qual 
the deposits. For example, formic, acetic 
hvdroxvacetic acids vielded cood deposits fron 
cobalt-phosphorus plating bath, whereas 


malic, and gluconie acids vielded highly st: 


deposits. From a 


nickel 


the control of the 


cvluconie, and = tartart 


The price is abou s 


he pli Is too lo 


bath, contaiming 


¢ liter of hydroxyvacetie or citric acid, the depos 


were fairly satisfactory when the pH of the 


was kept below | 


found to warp and blister when they were | 


treated at 600° © 


yhoric acid was used as the buffering agent 
| 


bath and, in general, this acid vielded better res 


than the organic bi 


of the organic acids in the nickel bath—tart 


glycine, and aspartic acids—very poor depos 


were obtained 
In the earlier w 


salts, such as chi 


Howey er, these deposits 


Chis 


iffers, 


ork it 


did not occur if 


In the presence ol 


was found that 1 


wide, sulfate, and fluobora 


did not vield equally satisfactory deposits sol 


of these differences might have been eliminate: 


satisfactory buffer such as phosphoric acid 


been used initially. 


ences that were observed, a solution for depos 
of cobalt-phosphorus alloy, which was mad 


with sulfate and no buffering agent, had a cathy 


current efficiency 


compared with about SO percent for asi 
bath made upw ith cobalt chloride. In develop 
the nickel-phosphorus bath, the sulfate was { 
to be more satisfactory than the chloride. 


borates offered no advantages over the sulfa 


chloride. 


As an example of the difl 


of only 


10 to 20 percen 
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Nie k¢ | ol cobalt nnodes were used inh the baths, 


and they corroded uniformly As the current 
efficiency of solution of the anode was probably 
LOO percent the metal concentration in the baths 


tended to increase 


III. Examination of Deposits 


Allov coatings from 0.05 to 0.5 mm thick (0.002 
to 0.02 in were deposited upon capper tubes 
about 5 mm in.) im diameter The test for 
the soundness of the deposit was to dissolve the 
coppel tube with a polvsulfide solution and note 
whether the allov tube held togethe If it cid, 
it was further qualitatively tested for strength 
by crushing it with a pair of pliers. Observations 
were also made of the ductility of the deposit 
by noting whether the tube of allov or fragments 
of it would take a permanent set upon bending 
Specimens ol thre sound deposits were heated ut 
various temperatures, and similar tests for strength 
and duetilitv. were made again. On the basis 
of these qualitative tests, a decision was made 
as to whether the solution under investigation 
should be studied further or discarded 
Sesiddes the qualitative examination of the 
physical properties of the deposits, their hard 
Hesses were measured with a microhardness 
tester and their electrical resistivities were deter- 
mined These measurements were race on 
deposits as removed from the bath and on those 
Which had been subject | to various heat treat- 
ments 

The proc lure was as follows \ 10- to l5-em 
length of copper tubing was plated with the 
allov, then cut into se veral small sections and the 
coppel stripped oul The hardness of the alloy 
as deposited was measured. Other sections from 
the same tube were heated to 400°, 600°, and 
s00° CC, then tested after cooling. The re- 
sistivity was measured on the allov as deposited 
The measurements were repeated on the same 
sample after heating to 400°, 600°, and SOO° C 
A few measurements of reflectivity and of tensile 
strength were also made. The phosphorus con- 
tent of the allovs was determined gravimetrically 
by the phosphomolybdate method The heat 
treatments of the allovs did not reduce their 
content of phosphorus The corrosion resistance 
of the deposits to acids and to the salt spray was 


also deter mined, 
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IV. Effect of Bath Composition and Co, 


ditions of Plating Upon the Depc sits 


Because the most satisfactory bath 
evolved gradually in the course of the in 
tion, much of the data on the effect of op 
conditions on the character of the depos 
determined for baths that do not) repress 
best composition However, as the compo 
and properties of the deposits from the d 
baths were similar, it Was not necessary to 
this work with those baths finally selected 


best 


1. Concentration of Phosphite 


Figure | shows how the phosphorus con 
the cobalt and nickel deposits varied with tl 
centration of phosphorous acid. For a giv 
centration of the acid, more phosphorus \ 
deposited with the nickel than with the « 
particularly in the baths that contained low 
centrations of phosphite The dotted line, 4 
the graph represents alloys having the sam 
ol phosphorus to nickel or cobalt as exists 
solution. The nickel-phosphorus alloy (eu 
from the baths containing less phosphorou 
than 10 ¢ liter had a higher ratio of phosplhy 
to metal than existed in the bath \ccordu 
ph sphorus seems to be the nore re adily dep 


element under these conditions 








Figure 1 Effect of concentration of phospho is 


hath on the pe centage of phospho wmain de posi 


Journal of Research Ele 


id Cr. ee 2. pH of Bath 

~0n 
PC sits The importance of pH and the general con- 
I) siderations that led to the operation of the cobalt 


and nickel baths at low pH have already been 


discussed in the introductory section. If the pH 











1} \ 
ss , of a cobalt bath were too high and no buffers were 
3 present, basic material was deposited upon the 
ye) x ~~ cathode In some instances, smooth deposits ol 
(| — 2 pink cobalt compound formed upon the cathode 
o SH to a thickness of several tenths of a millimete: 
) that is, much faster than a metal coating of equal 
thickness could be deposited Frequently the 
L basic material was firm enough to be removed 
from the copper cathode in the form of a tube 
The ne essity of operating the phosphorus alloy 
ul . Eg iis ne Lp es hl baths at a low pl of 0.5 to 2.0 was not anticipated, 
' menes st, si ie as the electroless plating baths operate ata 
” relatively high pH. Furthermore, experiments on 
the addition of alkali to phosphorus alloy baths 
4, maximum amount of phosphorus obtained indicated that precipitation did not oceur until 
nickel deposit was about 15 percent and in the pH reached 4 to 5 in the low phosphorus bath 
, obalt deposit about 10 pereent No attempts and 3 to 3.5 in the high phosphorus bath. Thus, 
made to determine the maximum amount of the alloy baths are operated at 2.5 pH units 
, sphorus that could be introduced into” the below the precipitation pomt of the bath Ap- 
ts. It is likely that higher ratios of phos- parently, a low pH is necessary for the successful 
: to metal in the baths would give deposits electroreduction of the phosphite, quite apart 
7 in phosphorus from the function of pH in preventing precipita- 
» The cathode current efficiency of deposition tion of basic compounds at the cathode 
the nickel bath decreased markedly as the The pH of the bath within the operable range 
nt ol phosphite in the bath was increased, does not have un appreciable effect upon the 
s shown by the curves in figure ? and by the content of phosphorus in the deposits The 
on of the curves in figure 3 main effects of pH are on the cathode efficiency 
and on the soundness of the deposits The pli 
of the high phosphite baths, Ni-H and Co-H 
* = is more critical than that of the low phosphit 
: A 2 baths and must be kept between 0.5 to 1.0 If 
{ i Pa the pH is lower, the cathode efficiency markedly 
y! decreases If the pH is much above 1, it is difficult 
9s to obtain uniformly bright deposits 
7 
3. Temperature 
y 
‘A Temperature is one of the most important 
"aie, : variables in plating the phosphorus allovs The 
o deposits obtained at room temperature were 
« stressed and unsound. The low mechanical 
strength of the deposits obtained at room temper- 
. oR aaa oi ot, ature Was apparent only after the basis metal 
ency of phospl nickel and «cal hat} was dissolved; otherwise the deposits appeared 
— ; quite satisfactory. Most of the plating in this 
h CoH: 5} Co = tea Coe. : —s investigation was done at 75° C 
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The operation of the cobalt bath was not as 
sensitive to temperature as that of the nickel bath 
If the alloy baths were operated at room tempera- 
ture instead of 75° C, the cathode current effi- 
ciency of the low phosphorus- obalt baths dropped 
only slightly, but the cathode efficiency of the 
corresponding nickel bath became very low. ‘The 
Co-H 


room temperature than at 


high phosphorus-cobalt baths had much 
lower efficiencies at 
re, i 
lower temperature and at lower pH than the corre- 
If the nickel bath contained 


However, they produced deposits ut 
sponding nickel bath 
much phosphite at room temperature the effi- 
ciency was only a few percent, and in some cases 
all that was obtained upon the cathode was a 
black coloration Figure 3 shows how the cathode 
current efficiency of alloy deposition changes with 
the concentration of phosphite and the tempera- 
ture. The cathode current efficiencies were based 
upon the composition of the deposit. The phos- 
phorus was assumed to have been reduced from a 


valence of three 
4. Agitation 


Agitation of the bath did not seem to have any 
value in improving the appearance or physical 
properties of the deposits. It was resorted to 
only to prevent stratification of the solution. 


5. Current Density 


The deposits of nickel- or cobalt-phosphorus 
did not vary materially in appearance or physical 
properties when the current density was varied 
over a wide range At 75° C, deposits could be 
produced at current densities ranging from 5 to 
30 amp dm’, but when the current density was 
below 5 amp/dm?’, sometimes the deposit did not 
completely coat the basis metal. The content of 
phosphorus in the deposits plated from the low 
phosphorus baths did not vary appreciably with 
current density. The deposits from the high 
phosphorus-nickel bath, Ni-H, showed a decrease 
in content of phosphorus as the current density 
was raised. This is illustrated in figure 4 

The cathode current efficiency of deposition of 
neither the cobalt nor nickel alloys varied appreci- 
ably with variations in current density. Figure 
5 shows data for the deposition of nickel-phos- 


phorus alloy s 
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ho 
V. Properties of the Deposits 
1. Appearance =: 


The deposits varied in appearance, depet 
a hl I 
The depos | 


containing 2 percent or less of phosphorus 


on their content of phosphorus. 


smooth and fine-grained but with a matte app 
much like ordinary nickel or col 


Smooth deposits 8 mm (0. 


anee very 


elect rodeposits 


thick were electroformed from the Co-F oe 
without difficulty. Deposits with a phosphy 
content of about 5 percent were semibright 

with a phosphorus content above 10 percent 
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OSItS curve 5. hig b 


ight These were true bright deposits, 
when formed on a dull surface they 
din brightness (although not in smooth- 
vith increase in thickness. The bright 
ts had a slightly dark or vellowish cast, as 
De expected from the fact that they con- 
Their 
vity was about 45 to 50 percent as com- 
The reflectivity 


a considerable amount of phosphide 


with 60 percent Tot nickel. 
Ted deposits, which contained only 2 pereent 
osphorus, was only slightly lower than the 


vity of the pure metals 
2. Hardness 


rest in the hardness of the deposits gave the 
incentive for this study of the phosphorus 

The phosphorus-cobalt and -nickel alloys 
harder than the pure metals. These allovs 
sed in hardness on heat treatment to an 
larger extent than did the tungsten alloys 
se metals [2]. The hardness of the phos- 
as deposited, ranged from about 
After heat treatment, the 


is alloys, 
0 700 Vickers 
ess of most of the deposits increased, with 


maximum effect occurring at about 400° C 


ire 6 shows typical data for nickel- and 


phosphorus deposits. The low phosphorus- 


el deposits were harder than the corresponding 


t deposits Because the data for the nickel 


sits cover a wider range of composition than for 


obalt deposits, more specific conclusions can be 


vn regarding them It is interesting to note 


the hardnesses of the nickel deposits with 
2.5- to 15-percent phosphorus were about 


ame. The main effect of the larger contents 


I osphorus was to cause the deposits to remain 


r after being heat-treated at 800° C 
‘ graph for the low phosphorus-cobalt 


represents the ay erage 


bout 15 deposits ranging in composition from 


to 1.5-pereent phosphorus This curve 


esents within about 50 units the hardnesses 


of these samples. There were some minot 
tions in hardness depending on the bath and 
tions of plating, but the data were not 
stent enough to determine whether these 
nees were outside the limits of reproduci- 
The main difference between the deposits 
ning 0.56 and 1.5 percent of phosphorus 
phosphorus 


that those with the higher 


nts were harder after the heat treatment 
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Fictre 6 Effect of 1-) heat treatment on the hardness of 


phosphorus-nickel and -cobalt alloys. 


1, Bath Ni-H, 13 to 14% of phosphorus in deposit; 2, bath Ni-H, 61 
| phoru ley bath Ni-L, 21 f phosphorus in de ‘ 
bath Co-H, 10 pl " | t Co-F, 0 
} } ht CoCh batt ht NiCh batt 


at SO00° C than the alloy as deposited The 
high-phosphorus nickel and cobalt deposits became 
as hard as bright chromium after being heat- 
treated at 500° C. Heat treatment at higher 
temperatures (800° C) does not soften the alloys 
as much as it does chromium. However, measure- 
ments of the hot-hardness of these alloys indicate 
that it was disappointingly low. The results are 


viven in table 2 with cobalt as a basis of 


comparison 


TABLE 2 Hlot hardness of phospho is allous of nicke ind 
cobalt 
> Vicks H \ 
Pr} 
Nl } : { Li { sii { “ { ( 
I 
Pe 
( ( I “ 1 . 4 
( H " 2 
I 
( 10 4 
k A 
"4 { w“ . ‘ ‘ ( ? 
“ ( 
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3. Strength and Ductility 


The duetility of the deposits was examined 
qualitatively by determining whether they would 
bend or take a permanent deformation when a 


specimen in the form of a tube was crushed 


The cobalt de posits containing up to ] percent of 


phosphorus and nickel deposits contamimng up to 


2 percent ol phosphorus were strong and slightly 


ductile The low phosphorus-col alt cle posits had 
a tensile strength of about 9,100 kg/em?* (130,000 
lb in as compared with about 5,300 kg/em 
75,000 [bin for ele trodeposited cobalt) and 
an elongation of about 7 percent. As the phos- 


phorus content of the deposits increased, the 
deposits became brittle and somewhat weaker 
After being heat-treated at 400° C, which is the 
optimum hardening temperature, the  cobalt- 
and nickel-phosphorus alloys became more brittle 
When they were heat-treated at SOO (C the 
deposits with the lower phosphorus contents be- 
came more ductile than they were originally, 
whereas those with the higher phosphorus contents 
remained brittle. The high nickel-phosphorus 
alloys became quite weak after heating to 800° C 
One point that has not vel been settled is whether 
it is possible to heat-treat one of the alloys, for 
example, at 600° or SO0° C. and to cause it to 


increase in both ductility and hardness. 
4. Density 


As shown in figure 7, the density of phosphorus- 
nickel alloys decreases as the content of phosphorus 
in the deposit IMncreases The density of the de- 
posits did not change apy reciably as a result of 
heat treatment. Over the short range of composi- 
tion shown, the relation between density and 
content of phosphorus is nearly linear, and the 
densitv-composition curve could be used to de- 
termine the COMpos ition of the deposit The den- 
sities of several thermally prepared nickel phos- 
phides are given in the literature [3, 4]: NigP, 7.8; 
NiPs, 7.4: NeP, 7.2: Nifea, 5.86 With these 
values for density, the theoretical curves for den- 
SILY uvuinst composition have been calculated for 
the nickel phosphorus alloy and are represented 


in the ficrure by the solid lines 


5. Electrical and Magnetic Properties 


The presence of phosphorus in the alloy con- 


siderably increases its resistivity above that of 
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7 Effect of percentage of phosphorus on de 


nickel-phosphorus alloys 


the pure metal. On heat treating the depos 


the resistiv ity decreased to a minimum at 601 


These relations are shown in figure 8 
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neasurements have been made of the hue- 
roperties ol thre phosphorus alloys bevond 
Cobalt 


ing up to 10 percent of phosphorus are 


' them with a magnet deposits 


r Nickel deposits are nonmagnetic, if 


ontain more than S percent of phosphorus. 


6. Stress in Deposits 


li was of interest to measure the stress in the co- 
hosphorus deposits because one objective 
ol thus study was to electroform deposits about 

thick. ‘The stress in the cobalt-phosphorus 
deposits Was compared with the stress in cobalt 
sits. The latter will be discussed first. 
he stress, measured with a spiral contracto- 
5}, in the deposit from a cobalt chloride 
ith varied with the pH and temperature of the 
bath and, in general, was a little lower than the 
stress mm nickel deposits obtained from an all- 
chlo ide bath 
a pl of 
lepositsll 


25 O00 lb In 


The stress in cobalt deposited at 
3 and at 75° C was about 1,800 kg/em 
} The stress was highest in de- 
OU posits made at a pH of 1 to 2, and lowest at a 


pH of 5 


not enough to crack deposits 1 mm thick, but 


The stress in the cobalt deposits was 


sionally deposits 5 to 8 mm _ thick would 


spontaneously. ‘The explanation for this is 
KnOWT 

cobalt) bath had 
hout the same stress as the deposit from a cobalt 


hloride bath, that is, about 1.800 ke em? (26.000 


The deposit from the Co Ir 


On the addition of phosphorous acid to 


) 


meentration of about 2 e@ liter, the stress in- 


36.000) Ib in 


> 


ed to about 2.500 kg em 
This stress caused no difficulty in making deposits 


llimeter thick, but in electroforming heavier 


osits the coating would sometimes crack 


spontaneously sys adding several grams of 
harin per liter of the bath, the stress was 
This effect 


4 of saccharin is not as pronounced in the cobalt- 


ed to about its original value 
phorus bath as in ordinary nickel baths, in 
1 the stress can be reduce ed to zero or even be 
of the Opposite sign, that is changed from 
Naphthalene 


which is sometimes added to 


istle to ou compressive stress 
ron aeid 
t nickel baths to reduce stress, reduced the 


of the cobalt deposit by only about 20 


percent. It may be used in conjunction with the 


arin, but it has not been determined whether 
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Although 


the stress in the deposits formed at room tempera- 


it affords any significant improvement 


ture was not much higher than in those made at 
75° C, the former deposits tended to crack, prob- 
ably because they were weaker and more brittle 
and hence could not withstand the stress de- 


veloped in plating. 
7. Chemical Properties of the Phosphorus Alloys 


As cobalt and nickel phosphides that are pre- 
pared by thermal methods are not attacked by 
hydrochloric acid, it was expected that the 
phosphorus alloys would be less attacked by this 
acid than are the pure metals This expectation 


was not entirely borne out (table 3), as the low 


phosphorus-cobalt and -nickel alloys (containing 
| to 2% of phosphorus) were attacked by hydro- 


chloric acid more rapidly than were the pure 


metals. However, the high phosphorus-nickel 


alloy (containing 10% to 15° of phosphorus 
Was more resistant than pure nickel, and both the 
high phosphorus-cobalt and the high phosphorus- 
nickel alloys were more resistant to attack by 
nitric acid than the pure metals 

In the salt spray test, the low phosphorus-co- 
balt alloy plated upon steel did not afford the steel 
as much protection as did pure cobalt coatings, 
and the nature of the corrosion was different. 
Rust spots formed on the cobalt-alloy coatings 
in the same manner that they form on standard 
nickel corrosion test samples and the deposits 
Pure cobalt coat- 
0.0002 in.) thiek, 


did not tarnish appreciably 
ings, even if only 0.005 mm 
tarnished rapidly in the salt spray, forming a 
brown or dark purple film and no rust, or rust 
Bright 


10 to 15% phosphorus 


spots were formed nickel-phosphorus 


coatings behaved in the 
salt spray very much like ordinary nickel coatings 
After 2 days, 
of a millimeter thick) had numerous rust spots, 
0.0014 in.) thiek 


thin deposits (several thousandths 
but a deposit about 0.085 mm 
did not show any rust spots after two weeks 

The phosphorus allovs, particularly the high 
phosphorus-cobalt alloy, turned black when treated 
for less than a minute with an oxidizing acid 
such as nitric acid, or when it was made anodi 
in the bath When the black coating was not 
made too thick, it was hard and durable, and it 
mav have some decorative value as well as afford 


Ing protection against corrosion 
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Tarte 3. Rates of attack of cobalt, nickel, phosphorus a mixture of chromic and sulfuric acids 


phosphorus nickel by nitric and hydrochloric ever, the commonly used nitric-acetic acid 
sa tures caused irregular pitting of the dep s Nil 
The high-phosphorus nickel and cobalt dé 
were more resistant to etching. Immersior 
‘ Heated to H mixture of nitric and hydrochloric acids o1 
oe seid trolysis as anode in nitric acid brought ou 
HYDROCHLORIC ACID microstructure satisfactorily. The Ni-Loand \ 
deposits (figs. 10, C, and 10, E) showed o 
laminated structure, which after heating to s ' 
ai C’, went over to a very fine grain structure. 17 v 
Co-H deposit, as plated (fig. 9, I), show 
: laminated structure that appeared to be bro 
mM) into a series of rectangles. These also ‘| 
converted to a very fine grain structure by hi : 
IN AIK ABOVE ( ( EN" RA EDHYDROCHLORIE to 800° C (fig. 9, J 
2. By X-ray Examination mM 
A The structure of the nickel- and cobalt-p! 
phorus allovs was examined by X-ray 
: . fraction by H. C. Vacher of the Metallurg . : 
Ni+MCgk on 0.0 Division of this Bureau. A specimen of the | _ 
cobalt-phosphorus alloy, which contained 1 p 
RIC ACID cent of phosphorus and therefore probably abo . 
5 percent of the phosphide, showed only li 
; om characteristic of cobalt. A specimen of the | 
Cot] vit a.0 nickel-phosphorus alloy yielded only one diffus rh 
. " band, which indicated that the material was KB gyoy) 
Ni¢2%1 234.0 ».0 amorphous, and therefore no information could 
N ol ‘ obtained about its composition. On heat-treating &, rol 
the specimen at 800° C, numerous lines appear nal 
* These reaet ypart during the 16-hr test run. in addition to those of nickel, but it was | Ass 
possible to determine whether these lines ftey 
VI. Structure of Deposits responded to any of the nickel phosphides tl " 
— have been reported in the literature. I} 
Photomicrographs of nickel and cobalt deposits 3. By Chemical Examination 
are shown in figures 9 and 10. The low phos- An attempt was made to isolate the phosp! 
phorus-cobalt deposits, figure 9, E, from bath from the nickel deposits by direct solution in 
Co-F show a columnar structure superimposed and by making the deposit anodic, but very lit 
upon laminations parallel to the basis metal residue was left behind. A’ small amount 
The ervstals seem to be more clearly defined and residue obtained from a cobalt specimen 
larger than those in ordinary cobalt deposits, found by analysis to be approximately Co,? 
figure 9, A, which is somewhat surprising in view but this may have been formed from a_ lo 
of the vreatel hardness of the deposits Usually phosphide, by the action of the acid [6] 
the grain structure of a metal becomes much finer A number of phosphides of nickel and co! 
when another element ts codeposited with if have been reported in the literature The exis 
The structure developed depended upon the ence of three phosphides of cobalt, Co? , ( 
etching reagent used. Good results were obtained and CoP,, have been definitely established 
on cobalt-phosphorus with a mixture of phos- and several others have been described, Co,? 
phoric acid and hydrogen peroxide and also with Co,P;, and Co,P,.. About seven nickel phosphi 
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wen fairly well characterized in the litera- 
Ni;P, NizP3, NisP2, NieP, NiPo 22, NiP2, and 
Vi] ,.4,6,8,9). The data in figure 7 on density 
a compound having a phosphorus 
This might also 


favor 
it corresponding to Ni,P. 
P., which has been isolated from nickel 
ed by reduction with hypophosphite in 
is solution [6, 9]. On the basis of Ni;P., 
el-phosphorus alloy containing 15 percent of 
shhorus would contain 85 percent of phosphide 


basis of Ni,P, the alloy 
lv of nickel phosphide 


) he would consist 


e equilibrium diagram [10, 11] indicates that 


phorus is soluble in cobalt only to the extent 
few tenths of a percent. This would indicate 


the phosphorus alloys may be unstable 
solutions or mixtures of individual particles 
tal and metal phosphides. The former 
thesis is favored, since the hardening of the 
ils on heating and the development of particles 
heating as shown by the photomicrographs 
ild indicate the precipitation of a second phase 

must have been in a metastable solution in 


metal. 


VII. Possible Applications 


the phosphorus-cobalt and -nickel deposits 
vuld be 
could be 


omium deposits 


useful wherever hardness is required 
considered as an alternative to 
They would be particularly 
ful if the deposits are subjected to heat, as 
nary hard nickel will be permanently softened 
heating to 600° C. whereas the phosphorus 
vs do not change appreciably in hardness 
he bright nickel-phosphorus coating could be 
for protective or decorative plating, although 


not as white or as bright as commercial 
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bright nickel. The phosphorus-nickel alloy can be 
chromium plated, but the finish is satin rather than 
bright. The bright nickel-phosphorus bath can 
be more easily controlled than other bright nickel 
baths because it contains no organic constituents, 
and the brightening agent, phosphite, is used in 


large quantity The phosphorus-cobalt deposit 
might also be used for decorative finishes as it can 
be plated bright, but a more unusual use would 
be the production of the black deposits mentioned 


above 


The authors express their appreciation to Vir- 
ginia D. Morgan for taking the many hardness 


measurements that were required 
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Ficure 9 (continued Photon ographs of cobalt and 
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bret re lO Photon ographs of nicke and phospho is-nickel allo 
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